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The thesis concerns optimization of some non-convex functionals arising in Infor-
mation Theory. Computation of achievable regions or outer bounds to capacity
regions in Information Theory can be formulated as optimization of certain non-

convex functional family.

The first part is about evaluating forward hypercontractivity and reverse hy-
percontractivity region for the pair of variables (X,Y) where X is a uniformly
distributed binary random variable and Y (a ternary random variable) is obtained
by passing X through a binary erasure channel (BEC), for a non-trivial range of
parameters. Our technique uses an equivalent characterization of forward hyper-
contractivity and reverse hypercontractivity using Kullback-Leibler Divergence,
which is in general a non-convex functional optimization problem. A similar anal-
ysis also recovers the celebrated results for the pair of variables (X,Y) where X
is a uniformly distributed binary random variable and Y (a binary random vari-
able) is obtained by passing X through a binary symmetric channel (BSC), also
called the Bonami-Beckner inequality. This optimization problem is also equiva-
lent to the computation of the capacity region for the Gray-Wyner source coding

problem of network information theory.

The second part starts from a new non-convex weighted sum rate outer bound
for the Korner and Marton’s sum modulo two problem. In a seminal work Kérner
and Marton showed that linear codes achieved the optimal rates and outperformed
random coding and binning based arguments. Korner also showed the optimality
of Slepian-Wolf based random coding for the same problem for a different class

of pairwise distributions. By optimizing over this outer bound, we could show



that the optimal sum rate is given by random linear codes for a larger class of bi-
nary distributions, thus extending the known optimality results for this problem.
Via using similar ideas, we could derive outer bounds for Quadratic Gaussian
Distributed Source Coding Problem and Quadratic Gaussian CEO Problem, and
present alternative proofs for the optimality of Berger-Tung inner bound in these
two settings.

The third part is related to the non-convex functional H(Y;) —vH (X;), where
X, := X +/tZ is in the set of distributions along the heat flow and Y, is
obtained by passing X; through an additive Gaussian noise channel. We show
that if ¢ is re-scaled so that H(X;) is linear in ¢, then H(Y;) is convex in ft.
This problem is equivalent to showing the log-convexity of Fisher Information,

resolving a conjecture in [15] and implicitly in the 1966 paper [39] by McKean.
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Notations

Mathematics

iff if and only if

q<p absolute continuity of measure ¢ with respect to measure
p

ii.d. identically and independently distributed

&) Minkowski sum

R real line

R¢ the d-dimensional Euclidean space

R the nonnegative orthant of the d-dimensional Euclidean
space

RY, the strictly positive orthant of the d-dimensional Eu-
clidean space

N natural number

N, positive natural number

z 11—z

D domain of function

. [f] the upper concave envelope of the func-
tion f(z) over domain D, ie., &[f](zs) =
inf {g(xo) : g(x) is concave in x € D, g(x) > f(x)Vx € D}

R:[f] the lower convex envelope of the func-
tion f(x) over domain D, ie., RK[f[(xo) =
inf {g(zo) : g(x) is convex in x € D, g(z) < f(z)Vx € D}

[i : 2nR] the set {i,i + 1,--- 21} where [nR] is the smallest

integer > nRR

X



[i : 2nF)

log,

In, z

the set {i,i +1,--- 2"} where |nR| is the integer
part of nR
max{logz,0}

max{lnz,0}

Probability Theory

XY, -
X, -

x, Yy, -

|X|>|y|7

X7

X7

X x)Y
X’n
H?:1 e
bx

Pxy

Py|x

Py|X=z

PxDy|x

PxPy

Xn
Px

scalar random variables

the finite sets where the discrete random variables
X,Y, - take values from

constants or values of scalar random variable

size of the finite sets X, ), --

sequence of random variables (X, X;i1,---,X;) with
length j —t+1for1 <i<j

sequence of random variables (Xi,Xo,---,X;) with
length j for j > 1

the Cartesian product of two finite sets X and Y

the n-th Cartesian product of the finite set X
XX A x---x X,

the probability vector [px(z)]zex of discrete random
variable X indexed by x € X with each entry denoted
as px(z)

the joint probability vector [pxy (x,y)]zex yey of discrete
random variables (X,Y) indexed by (z,y) € X x Y, with
each entry denoted as pxy(z,y)

the conditional probability vector [py|x(y|%)]zcx yey of
discrete random variable X given Y indexed by (z,y) €
X x ), with each entry denoted as py|x(y|z)

the conditional probability vector [py|x(y|z)]yey of YV
given X = z, indexed by y € Y and each entry denoted
as py1x (y]2)

the probability vector [px (2)py|x (y|2)]zexyey

the probability vector [px (x)py (¥)]zex yey

the nth Kronecker product of the probability vector px




Information Theory

W
Wy x

®n
Wy| %

BEC(e)

BSC(p)

BEC(e)
Pxy

BSC
i (p)

DSBS

channel

stochastic matrix [W(y|z)]zex yey where rows are in-
dexed by z € X, columns are indexed by y € Y and
each entry is denoted as W (y|x)

the nth Kronecker product of the stochastic matrix Wy x
code

capacity for channel coding probelm

optimal rate region for source coding problem
achievable rate region

the binary erasure channel Wy x with input X € {0,1}
and output Y € {0, F, 1}, whose conditional probability
law of Y given X is given by Wy x(E|0) = Wy x(E|1) =
g, Wy x(0]0) = Wy x(1]1) =1 —¢, € € [0,1]

the binary symmetric channel Wy x with input X €
{0,1} and output Y € {0,1}, whose conditional prob-
ability law of Y given X is given by Wy x(0]0) =
Wy x (1]1) = 52, Wyx(1]0) = Wyx(0]1) = 32, p €
~1.1]

X is binary and uniformly distributed, and Y is obtained
by passing X through a binary erasure channel BEC'(¢)
to produce Y. The joint distribution of (X,Y") will be
denoted as piﬁc(e)

X is binary and uniformly distributed, and Y is ob-
tained by passing X through a binary symmetric channel
BSC(p) to produce Y. The joint distribution of (X,Y)
will be denoted as phye ¥

Doubly Symmetric Binary Source. The joint distribution
of (X,Y) follows pf}f/c(p )

xi



BISO(p)

X is binary and uniformly distributed, and Y is obtained
via a channel Wy x that satisfies a symmetry property,
Wy x(i]l) = Wy|x(—=i|0) = p;, for integer i € [-K :
K]. The joint distribution of (X,Y") will be denoted as
BISO(p), where p'= [p;], - K <i < K

the binary entropy function Hs(z) := —zlogx — Zlogz

the inverse of binary entropy function H,' : [0,1]

the entropy of a discrete random variable X
taking values from a finite set X, H(X) =
— > vex Px () log px ()

the differential entropy of a random variable X taking

values from R, h(X) = — [¢ f(z)In f(z
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Chapter 1

Introduction

Shannon’s seminal work [54] laid down the theoretical foundations of information
theory. The idea of the point-to-point communications problem and his source
and channel coding theorems have many profound implications in areas like wire-
less communications and data compression. Network information theory, on the
other hand, focuses on the limits of reliable communication over a network with
multiple senders and receivers, and some channel transition matrix that models
the effects of the interference and noise in the network. One fundamental problem
is to determine whether certain communication strategies could achieve the limit
of reliable communication, which could be reduced to testing certain properties
of some non-convex information-theoretic functionals. This thesis will focus on
such non-convex functionals.

Let X be a discrete random variable that takes values from some finite set
X, with the probability mass function denoted by px. The entropy of a discrete
random variable X, H(X), is defined as

H(X):=) px(z)logpx(x)

zeX
where the logarithm is base 2.
Given a vector of discrete random variables X" := (Xy,--- , X,,) taking values
from some finite set ®]_,A&;, and for any d = (dyn : 2™ € Q' X;), which is an
arbitrary real-valued vector, we are interested in computing the following function

G(CZ):

G(d) :=max | Y agH(Xg) - E,.(d) (1.1)

pxn
"\ scim)



2 CHAPTER 1. INTRODUCTION

where S is a subset of [1 : n|, Xg denotes the set {X; : i € S}, and ag € R
depends on S.

Here E, ., (d) = Zf"€®§;1 x, Pxn(27)dyn. Computing G(d) requires evaluating
the global maximizer over px» of the functional } g, asH(Xs) — Epy.(d),
which can, in general, be non-convex.

The evaluation of certain achievable rate regions or bounds to the capacity
region canonically involves functionals of the above form (as will be made clear
in the rest of this chapter). Further, optimality of certain achievable regions can
also be cast in the language of properties of the maximizers of the above function-
als. For instance, if the global optimizers of a natural extension of a functional
(corresponding to an achievable rate region) defined on so-called product-spaces
are product distributions, then the achievable rate regions can be shown to be
optimal in many settings.

The rest of this chapter will try to illustrate how the above family of function-
als arise in communication settings, as well as elucidate some of the key questions

related to the functionals that are of interest.

1.1 Some Communication Models

1.1.1 Point-to-point channel coding

In the celebrated work [54], the point-to-point communication model was first
proposed by Shannon. Figure depicts this model, where a sender wishes to
communicate reliably with a receiver through certain channel. We are interested
in maximizing the amount of the information that can be reliably transmitted

from the sender to the receiver.

Xxn yn .
M € [1: 2"E]— sender: f(™ DMC: Wy |x receiver: g™ =N € [1 : 2]

Figure 1.1: Point-to-point communication channel model

More specifically, a channel, denoted by W, is a stochastic mapping from X
to Y that will output symbol y € ) given some input symbol x € X with certain
probability. When both X and ) are finite, the channel is called a discrete

channel.
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For n € N,, the n uses of a discrete channel is defined as the stochastic
mapping from &A™ to )" specified by a stochastic matrix Wy x», where X" and
Y™ are the n-th Cartesian product of X and ) respectively, and Wyn x» is the
stochastic matrix where rows are indexed by elements in X, columns are indexed
by elements in Y™ and each entry Wyn xn(y"|2") is the conditional probability
that the channel outputs y” given certain input 2. When n = 1, we will simply
write the stochastic matrix Wy x1 as Wy x.

A discrete channel is called a discrete memoryless channel (DMC), if for any
n € Ny the stochastic matrix Wy« x» of the n uses of the channel is the nth
tensor product of the stochastic matrix Wy x of the channel. We will use Wy |x
to denote a DMC omitting the input set X and the output set ) if there is no
danger of confusion, and the n uses of a DMC will be denoted as W{?&.

Let R € Riand n € N4, a (n,R) code for a DMC Wy x is defined as the
function pair (™, g™), where f™ is some mapping from [1 : 2"f] to X" called
encoding function, and ¢(™ is some mapping from Y”" to [1: 2"%] called decoding
function. Here R is called the rate of the code, and n is called the block-length
of the code.

In the model shown in Figure the channel is a DMC Wy x and a (n, R)
code C is applied in the communication: the message M is distributed uniformly
in the set [1 : 2"%]. The sender will map the generated message M to a sequence
X™ by the encoding function £, and pass the X™ to the receiver through the n
uses of a DMC Wy x. The receiver maps the output sequence Y™ back to some
estimation of message M, M € [1 : 2"%], by the decoding function (™.

One way to measure the performance of this (n, R) code for the DMC W (Y| X)
is to compute the average error probability that M # M , defined as P.(C, Wy |x) :=
P(M # M).

A rate R is achievable for a DMC Wy x if there exists a sequence of (n, R)
codes C, such that lim,_,. P.(C,, Wy|x) = 0. The capacity of a DMC Wy x,
denoted as € (Wy|x), is defined as the closure of the set of all achievable rates.
Intuitively speaking, € (Wy |x) measures how much information can be transmit-
ted reliably from the sender to the receiver.

In [54], Shannon used the mutual information I(X;Y") between two random

variables X,Y to express the capacity for a DMC:
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Theorem 1.1. The capacity of a DMC Wy x is given by
CWyix) ={R>0:R<maxI(X;Y)}. (1.2)
px

pxvy (%,y)

where I(X;Y) := ZmGX,yG)JpXY(x? y) log P mE
Remark 1.1. Notice that I(X;Y) is a concave function in px, so € (Wy|x) can
be computed directly from the stochastic matrix Wy x of the DMC. Such a
characterization of the capacity region, without involving multiple uses of the
channel W, eliminates the computation difficulty in finding the limit when n — oo

and is informally called the single-letter characterization of the capacity region.

One can use random coding and joint typicality decoding to prove that when
R < max,, I(X;Y), there exists a sequence of (n, R) codes C, such that lim,,_,.,
P.(Cn, Wy|x) = 0. In this case, we say that the set {R > 0: R < max,, I[(X;Y)}
is an achievable rate region for the DMC Wy |x, denoted as &7 (Wy x).

When the capacity € (Wy|x) matches the closure of the achievable rate region
o/ (Wy|x), we will say that the achievable rate region o/ (Wy/x) is optimal.

1.1.2 Multiple Access Channel Coding

X7

My € [1: 21— sender 1: fl(n)

> DM-MAC: Wy x, x, — receiver: g(”) HMLMQ

My € [1: 2™%2]— sender 2: fén)

Figure 1.2: Multiple access channel coding

A natural extension for the point-to-point communication model is a multiple
access communication model shown in Figure [1.2] where each sender wishes to
transmit an independent messages reliably to the receiver. This is first alluded
to in Shannon’s paper [53].

Similarly to the point-to-point channel coding, one could define a discrete
memoryless multiple access channel (DM-MAC) Wy x, x, and a (n, Ry, Ry) code
C = ( fl("), fén), g™) for this multiple access communication model. Figure

shows how a (n, Ry, Ry) code C is applied in the communication over a DM-MAC

WY‘Xl,XQ‘
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To measure the performance of the code C for this DM-MAC Wy x, x,, the
average probability of error F.(C, Wy x, x,) = P((My, My) # (Ml,Mg)) is em-
ployed. A rate pair (R;, R») is achievable for a DM-MAC Wy |y, x, if there exists
a sequence of (n, Ry, Ry) code C,, such that lim,,_,o P.(Cn, Wy|x, x,) = 0. The ca-
pacity of a DM-MAC Wy x, x, is defined as the closure of the set of all achievable
rate pairs (R, Ry) for this DM-MAC, denoted as € (Wy/x, x)-

Ahlswede [3], [1] and Liao [37] established a single-letter characterization for
C Wy |x,,x,)-

Theorem 1.2. The capacity region of the DM-MAC Wy |x, x, is the set of rate
pairs (Ry, Rs) satisfying
Ry < I(X1;Y[Xo, Q)
Ry < I(Xy;Y[X1,Q) (1.3)
Ry + Ry < I(X1, Xo;Y[Q)

for some probability mass function (pmf) popx,|oPx.iq, where |Q| < 2.

Remark 1.2. Notice that the @) in this theorem [1.2] doesn’t appear in the original
communication setting, but is needed in making the rate region convex. Such

random variable is called auxiliary random variable.

Denote the achievable rate region for a DM-MAC Wy x, x,, i.e., the interior
of the set of rate pairs (Ry, Rs) satisfying inequalities (1.3), as o/ (Wy x, x,).

1.1.3 Broadcast Channel Coding

Y™ N R
receiver 1: ggn) > Moy, My

My € [1: 2nfo)
M € [1: 2"F1) ~gender: f(™ DM-BC: Wy z1x

My € [1:2nf Z, Toz, M
2 € [ ] receiver 2: g B Mg, Mo

Figure 1.3: Broadcast channel coding

As another natural extension for the point-to-point channel coding, a broad-
cast channel coding is shown in figure [1.3] where one sender wishes to transmit
two private messages to each receiver and a common message to both receivers.

This communication setting was first introduced by Cover in [18].
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Similarly to the point-to-point channel coding, one could define a discrete
memoryless broadcast channel (DM-BC) Wy zx and a (n, Ry, Ry, Ry) code
C = ( f(”),ggn),gén)) for broadcast channel coding. Figure shows how a
(n, Ry, R1, Ry) code C is applied in the communication over a DM-BC Wy z|x.

We employ the average probability of error criterion P.(C, Wy zx) =
P((My, My) # (M01, Ml) or (My, My) # (MOQ, Mz)) to measure the "reliability”
of a code. A rate tuple (Ry, Ry, R,) is achievable for a DM-BC Wy, zx if there
exists a sequence of (n, Ry, Ry, Ry) code C,, such that lim,_,o P.(Cy, Wy,zx) = 0.
The capacity of a DM-BC Wy, 7 x is defined as the closure of the set of all achiev-
able rate pairs (R, R1, Ry) for this DM-BC, denoted as €' (Wy, z|x)-

In 1979 [38], Marton used the idea of multicoding and joint typicality encoding

to give an achievable rate region for a DM-BC Wy, zx:

Theorem 1.3 (Marton’s inner bound). A rate tuple (Ry, Ry, R2) is achievable
fO?“ a DM-BC WY,Z\X Zf

Ry < min{I(W;Y), I(W; Z)},
Ry+ Ry < I(W,U;Y),
Ro+ Ry < I(W,V; Z),
Ro+ Ra + Ry < min{I(W;Y), I(W; 2)} + I{U; YIW) + 1(V; ZIW) = I(U; VIW)
(1.4)

for some pmf puvw and function x(u, v, w), where |W| < |X|+4, [U| < |X],|V]| <
|1

Remark 1.3. The cardinality bounds on the region was determined in [28].

Denote this achievable rate region by </ (Wy, z/x).
Open Question: Is & (Wy zx) = € (Wy,zx) for all Wy, zx7

1.1.4 Gray-Wyner Source Coding Setting

Another fundamental setting in information theory is communication of uncom-
pressed sources over multiple noiseless channels, and we are interested in how
much can be compressed by encoding the sources separately.

Consider a 2-component discrete memoryless source (2-DMS), (X,Y), which

is defined as the source pair that generates an i.i.d. sequence of random vari-
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My € [1:2nf .
Sender 1: fln) L€l ) Decoder 1: ggn) X"

My € [1: 2nTo)

Xy Sender 0: fon)

n) My e[l: 2”R2) (n) N
Sender 2: f, Decoder 2: g, yn

Figure 1.4: Gray-Wyner Source Coding Setting

able pairs (X;,Y;) from some finite set X X ) according to some joint dis-
tribution pxy. One distributed lossless source coding problem on a 2-DMS
(X,Y) following distribution pxy, called Gray-Wyner source coding, is shown
in Figure . Similar to previous cases, one could define a (n, Ry, R1, Ry) code
C :=( fén), fl(n), f2("), g§"), gén)) for this setup. The average probability of error
P.(C,pxy) := P(X" # X" or Y" # Y™) is used to measure the code performance
for this 2-DMS. A rate tuple (R, Ry, R2) is achievable for a 2-DMS if there exists
a sequence of (n, Ry, R1, Ry) code C, such that lim, ., P.(C,,pxy) = 0. The
optimal rate region of Gray-Wyner source coding on a 2-DMS (X,Y) is defined
as the closure of the set of all achievable rate tuples (R, R;, R2), denoted as
K (PXY)-

Gray and Wyner in [29] gave a single-letter characterization for Z(pxy):

Theorem 1.4. The optimal rate region Z(pxy) for the Gray-Wyner source cod-
ing with 2-DMS (X,Y') is the set of rate triplets (Ro, R1, R2) such that

Ry 21(X, Y3 V),
Ry =H(X|V), (1.5)
R, >H(Y|V)

for some conditional pmf py|xy with |V| < |X||Y]+ 2.

Denote the interior of the set of (R, Ri, Ry) satisfying equations as
Daw (pxy)-
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1.1.5 Lossless Source Coding with One Helper

Consider the distributed source coding problem depicted in Figure [1.5] where
two senders separately encode two correlated sources into two indexes, and trans-
mit the indexes to the receiver so that one of the sources can be reconstructed

losslessly at the receiver.

My € [1:2nF)
Yn

Sender 1: fln) Receiver: ¢(™

My € [1:2nF2)

X" — Sender 2: fzn)

Figure 1.5: Lossless source coding with one helper

Similar to Gray-Wyner source coding, the source is a 2-DMS (X, Y") following
distribution pxy. And one could define a (n, Ry, Ry) distributed source code C :=
(fl(n), fén), g'™) for this setup.

Since the receiver aims to reconstruct sequence Y losslessly, the average prob-
ability of error P,(C,pxy) := P (Y” + Y”) is used to measure the performance
of the distributed source code C. A rate pair (Ry, Ry) is achievable for a 2-DMS
(X,Y) if there exists a sequence of (n, Ry, Ry) distributed source codes C,, such
that lim,,_,~ P.(C,pxy) = 0. The optimal rate region for loseless source coding of
X with one helper observing Y is defined as the closure of the set of all achievable
rate pairs (Ry, Rz), denoted as Z(pxy).

Ahlswede and Korner [4] and Wyner [65] independently established the fol-

lowing singlet characterization:

Theorem 1.5. Let (X,Y) be a 2-DMS following distribution pxy. The optimal
rate region Z(pxy) for loseless source coding of Y with a helper observing X is

the set of rate pairs (Ry, Re) such that

(1.6)
Ry >1(U; X)
for some conditional pmf py|x, where [U| < |X|+ 1.

Denote the interior of the set of rate pairs (R, R) satisfying inequalities (|1.6])
as of (p Xy).
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1.1.6 Lossless Source Coding with Two Helpers

A natural question after lossless source coding with one helper is to consider a
distributed source coding network with two helpers, see [33], where three senders
separately encode three correlated sources into three indexes, and transmit the
indexes to the receiver so that one of the sources can be reconstructed losslessly
at the receiver.

In Figure [1.6] the source is a 3-DMS (X,Y,Z) following distribution
pxyz. And one could define a (n, Ry, Ry, R2) distributed source code C :=
(Fm ) fm g for this setup.

M; € [1:27Fo)

Z?’L

Sender 0: fé") Receiver: ¢("

My € [1:27F1)

X"™ — Sender 1: fl(n)

My € [1:27F2)

Yn

Sender 2: fQ(n)

Figure 1.6: Lossless source coding with two helpers

The average probability of error P.(C,pxyz) := P (Z" #+ Z”) is used to mea-
sure the performance of the distributed source code C. A rate pair (Ry, R, R2)
is achievable for a 3-DMS (XY, Z) if there exists a sequence of (n, Ry, Ry, Ra)
distributed source codes C,, such that lim,,_,., P.(C,pxyz) = 0. The optimal rate
region for loseless source coding of Z with two helpers observing Y and X is
defined as the closure of the set of all achievable rate pairs (R, Ry, Rs), denoted
as Z(pxvz)-

The single-letter characterization of Z(pxyz) is unknown in general. In this
thesis, we will consider the projection of Z(pxyz) onto the subspace where Ry =
0, that is, sender 0 is not allowed to send information on Z" to receiver.

In [55], a remarkable result by Slepian and Wolf showed that when Z = (X,Y)

random binning ideas can be used to achieve the following rate region:

Ry > H(X|Y)
R, > H(Y|X) (1.7)
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Ry + Ry > H(XY)

and hence this becomes an achievable region for any function f(X,Y). We shall
call this region the Slepian- Wolf region. Random coding and random binning
ideas were used subsequently for many network information theory problems to
yield the capacity results and still drives most of the achievable regions studied
in the community.

Korner and Marton considered the case when (X, Y') follows from the DSBS
distribution, and investigated the capacity region when Z = X @ Y, i.e. the
receiver wishes to compute the bit-wise modulo-two sum of the sequences X™, Y,
which we will refer to as the Korner and Marton’s modulo two sum problem. And
we will use Zxn(pxy) to denote the optimal rate region for this problem. In

particular they showed that linear codes can be used to achieve the rate region:

Ry > H(Z)
Ry > H(Z) (1.8)

and further that this matches the capacity region when p(z,y) is DSBS distri-
bution. We shall call this region the Kdrner-Marton region. For any p # 0 it
is immediate that the above region is strictly larger than the region given by
. Thus it became apparent that random coding ideas had its limitations and
structured codes were needed for multiuser information theory problems. This
has then led to development of lattice codes, coset codes, and other ideas that
have spurred a sub-field of algebraic network information theory.

In 1982, Ahlswede and Han [2] combined both the coding schemes above and

obtained the following achievable rate region:
Theorem 1.6 (Ahlswede and Han [1]). A rate pair (Ry, Ry) is achievable if

Ry > I(U; X|V) + H(Z|UV)
Ry > I(V;Y|U) + H(Z|UV) (1.9)
Ri+ Ry > I(UV; XY) + 2H(Z|UV)

for some U and V' that satisfy the Markov chain U - X —Y — V.

Remark 1.4. The following remarks are worth noting.
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1. Observe that when U = X,V =Y, above rate region reduces to Slepian-
Wolf’s rate region; and when U,V are constant random variables, it’s re-

duced to Korner-Marton’s rate region obtained using linear codes.

2. The multi-letter extensions of the above region tends to the capacity region.

To see this, set U = M; and V = M, and apply Fano’s inequality.

3. The above rate region remains achievable (and multi-letter extension tends
to capacity) even if we assume that X, Y take some values in a finite field

and Z is the modulo-sum in the field. See for instance Lemma 5 in [31].

4. Tt has been conjectured in [52], and verified by numerical simulations by
different groups of researchers, that the smallest sum-rate yielded by the
above region is indeed the minimum of { H(XY'),2H(Z)}, i.e. the minimum

of the Slepian-Wolf region and the Kérner-Marton region.

5. It is also known that for weighted sum-rate the region is strictly larger than

the convex hull of the Slepian-Wolf region and the Korner-Marton region

Denote the interior of the set of rate pairs (R;, Rs) satisfying inequalities (1.9)
as tQ{AH (pxy).

1.2 Evaluation of Achievable Region

1.2.1 Testing Optimality by Weighted Sum Rate

For the channel coding problem mentioned in the last section one could also
apply the coding strategies in the achievablity proof directly over the n uses of
the channel, and get an achievable rate region for WE&, which is called n-letter
achievable rate region, denoted as .o/ (Wf}&) On the contrary, o/ (Wy|x) will be
referred to as single-letter achievable rate region.

It’s well-known that testing the optimality of o7 (W) is equivalent to comparing

the 2-letter achievable rate region with the Minkowski sum of two single-letter

achievable rate region, see Lemma 1 in [66):

Lemma 1.1 (Lemma 1 in [66]). An achievable rate region </ (W) is optimal for

some channel coding problem iff

AW =ad (W) (W)Y W (1.10)
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Due to the time sharing technique, the sets on both sides of equation ({1.10))
are convex sets. one way to compare them is by comparing their supporting

hyperplanes, i.e., the maximized weighed sum rate for a given vector ¥ € Ri:

Ssema (W) 1= sup iR
’yeR+( ) (Rive Ry)ect (W Z
SVEM(W@)Q) = sup Z% i

(Ri, Ra)ed/ (W®2) 1=
Equality (1.10]) is equivalent to
Syerg (W) = 2S5cpq (W) V W, 7 € RY (1.11)

For a channel coding problem on W, notice that if (Ry, -+, Ry) € <&/ (W),
then (2Ry,-- ,2Rq) € &/ (W®?), thus the direction Syega (W) > 2S5cga (W)
always hold for any channel W and vector § € R%. Therefore, the optimality of
o/ (W) is equivalent to

Syerd (W) < 28500 (W) ¥V W, 7 € RE (1.12)

Similar ideas and proofs naturally extends to distributed source coding prob-
lems in section[1.1], except that finding the supporting hyperplanes for the achiev-
able rate region in distributed source coding becomes a minimization problem.

The optimality of certain achievable rate regions for distributed source coding

problem on a DMS following distribution p, is equivalent to

Syert (r™*) = 2S5ere (P) V 0,7 € RY (1.13)
where
d
Ss = f iR
sert ()= z:: !

1.2.2 Reducing to Non-convex Functional Family

Observe that one difference between Sscga (W) (or S yerd (P (p)) and the non-convex
+

functional family (|1.1)), is that in the non-convex functional family (1.1f), there

is no constraint on the distribution px»; while for S%Ri (W), the conditional

probability of the output random variables given the inputs is fixed by the channel
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law, and for S%Ri (p), the joint distribution of DMS random variables must be
consistent with the given DMS distribution p.

However, by introducing penalty terms, one could show that S“VGRi (W) and
Sserd (p) falls into the limiting case of the non-convex functional family (L.I).

Take the point-to-point channel coding for instance, the weighted sum rate sub-

additive inequality ((1.12) simplifies to

max [(X;Xo;Y1Ys) < 2max [(X;Y) V Wy x (1.14)
px

Px1Xg
Here the conditional distribution Py x = Wy |x imposes a constraint on the joint
distribution pxy. To show both sides of above equality falls into the
limiting case of the non-convex functional family , we will introduce the
penalty term in terms of divergence:

py|x(y|93)

D(py|x=c||Wy|x=2) = Zp”X(y‘I) log WJ

yey
D(pY1Y2|X1X2=CE1562 | |WY|X=I1 ® WY\X=962)

Pyivs| X, X2 (ylyz |5171932)
Wy |x=2, ® Wy |x=2,

= Z pY1Y2|X1X2(y1y2‘l’11‘2)10g
Y1y26Y?

Let ¢ > 0, observe that the right hand side of equation ({1.14)) can be rewritten

as

max [(X;Y) =max lim I(X;Y) — chX(m)D(pﬂX:xHWWX:w)

Px PXy €—00
reX

@ lim max I(X;Y) — CZPX(I)D(pﬂX:xHWwX:x)

C—00 PXY cx
x

= lim max H(Y) + (¢ = 1) H(Y| X)) 4 cE[log Wy x]

C—00 PXY

and the left hand side of equation ([1.14) can be rewritten as

max I(XlXQ, YiYé)

PX1Xo

= max lim I(X;X5; Y1Y5)
PX1XoY Yy C700

—C Z Pxix, ($1I2)D(pY1Y2|X1X2:x1x2||WY\X:x1 & WYIX:.IQ)
(z1,x2)EX?
@lim  max (XX ViYa)
C—=0 PX1X9Y Yo
—c Y pxxo(@122) DDvival Xy Xo=ara Wy x =21 © Wy |x=s,)

(:171,:172)6)(2
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= lim max H(Y,Ys) + (c — 1) H(Y1Y5| X1 X5) + cElog W32 ]

e YIX
The exchange of limit and maximum in step (a) can be justified since the func-
tional is bounded from above and is continuous with respect to pxy. Here
both max, ., H(Y)+ (c—1)H(Y|X) + cE[log Wy |x] and max,., H(Y1Y2)+ (c—
1)H(Y1Y5| X1 Xs) + cE|log W}Q}'QX} fall into the non-convex functional family (L.1]).
Similar arguments extends to evaluation of other Sycpe (W) and Sscpa (p) in

the communication settings arising in section [I.1} and we will omit the details

here to avoid the duplication of arguments.

1.2.3 Auxiliary Random Variable and Dual Representation

The auxiliary random variables have appeared in the achievable rate regions for
many communication scenarios, including Broadcast channel, Gray-Wyner source
coding, Lossless distributed coding with one helper, and Lossless distributed cod-
ing with two helpers. And identifying the optimal auxiliary random variable
is critical in the evaluation of the weighted sum rate for these achievable rate
regions.

One idea to interpret the auxiliary random variable is to use the so-called
upper concave envelope or lower convex envelope, see [45]. Let f(px) be a function

of px defined on a probability simplex D in RI*!, the upper concave envelope,

denoted by €, [f], is defined as

o [fl(x) :==1inf {g(px) : g(px) is concave in px € D, g(px) > f(px)Vpx € D}

for any p, € D. And the lower convex envelope, denoted by K, [f], is defined as

R [f1(Px) == —Cpi [ f1(Px)

for any px € D. Intuitively speaking, €, [f] is taking the convex hull of the set
of points {(px,y) : y < f(px),px € D}, and R, [f] is taking the convex hull of
the set of points {(px,y) : y > f(px),px € D}.

The equivalent characterizations of upper concave envelope and lower convex

envelope are given as following, see [45]:

o [f1(Px) = sup ZPU(U)f(ﬁX\U:u), (1.15)
PUIX yeu
Rp [[1(Bx) = pl[?lf( ZPU(U)f(ﬁXW:u) (1.16)
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I o « d 7 | Bx(@)py|x (ulz)

where py(u) = 3, c v Px (@)puix (ulz) and pxjy—u = | = e

Observe that the upper concave envelope €, [f] is fully determined by the

dual representation of f(px), which is defined as

f1(d) = sup {f(px) - ng;px(l‘)} :

px reX
for any real-valued vector d := (d,,z € X), see [6]. Similarly, the lower convex
envelope is determined by its dual
f1(d) = inf {f(px) - depx(x)} :
zeX
for any real-valued vector d := (d,,z € X).
Take the lossless distributed source coding with one helper for instance, the

optimality of <7 (pxy) is equivalent to:

S, (P%y) = 25, (pxv) (1.17)

Here the single-letter and 2-letter form of the weighted sum rate can be rewritten

in terms of the lower convex envelopes:

S = inf Ri+~vR
V(pXY) (R17R2%2~Q{(pXY) L
W min H(Y|U) +~I(U; X)

PU|X

OH(X) + 8, [HY) — vH(X)] (px)

S, (p53) = inf  Ri+7R
(R1,R2)€ (piy)

min H (Y1 Y2|U) +~+I1(U; X1 Xo)

PU|X1 Xy

@

Orx,x,) + &

9X1Xo [

H(Y1Y2) — vH (X1.X2)] ()

for some v > 0.

Here in step (a) the minimum exists since /| < [X'|+1 and thereby pyx falls
into some compact probability simplex space; step (b) follows from the equivalent
characterization of lower convex envelope .

Through the techniques used in the proof of Lemma 2 in [6], equation

holds if for any real-valued vectors dy, d X,

~

min H(Y1Y2) — vH(X1Xs) — By [dx] — Eyy, [dx]

4x, X,

> min {H(Y) = yH(X) = Eyy[dx]} +min { H(Y) = yH(X) = Eyy[dx] |

ax

(1.18)
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Though the functionals are not convex in general, one could still show that

product distribution is the global minimizer of the left-hand side of above equation

(1.18) by the following argument:
H(V1Ys) = vH(X1X5) — Egy [dx] — By ldx]
(a)
>H(Y1) —vH(X1) — Egy, [dx] + H(Y2]Y1X3)
- 7H<X2|X1§/1) - EQlel [EQXQ\lel [CZX]]

:H(YI) — ”yH(Xl) - qu1 [dX] + Z 4x,v, (xhyl)

1,91

HY3|X) = 21,1 = 91) = 7H(XGI X, = 21, Y1 = y) — E x|

4Xo|X1=21,Y1=y1 [ X]

= min {H(Y) = H(X) = Eyyldx]} + min { H(Y) = 7H(X) = Eyy [dx] |

a9x

Step (a) follows from that conditional reduces entropy, and the markov chain
Xy — X; = Y). Step (b) is due to the Markov chain X;,Y; — Xy — Y5 and
the fact that taking average will not decrease the functional value below the
minimized value. This finishes the optimality proof of & (pxy ).

Similar analysis could be applied to other communication problems in section
(1.1). For Marton’s inner bound, there is a detailed discussion on testing the

optimality via the dual of the weighted sum rate in [6] and [46].

1.3 Contributions of this Thesis

This thesis tries to solve several instances in non-convex functional family ,
and intends to provide insights to the structure of the optimizers. Some of the
results also find applications in other fields including computer science, see [11].

In Chapter 2, we try to evaluate the forward and reverse hypercontractive re-
gion for a pair of random variables (X,Y), where a uniform X is passed through
a binary erasure channel BEC(¢) to produce Y and 0 < € < 1. The joint distri-
bution of (X,Y) is denoted as BIEO(eg). Our technique builds on an equivalent
characterization of hypercontractivity using Kullback-Leibler Divergence.

The divergence characterizations are in general non-convex functional opti-
mization problems and belong to the family . But certain structure of the
interior stationary points helps us controlling the behavior of the global optimiz-

ers, thus establishing the hypercontractive regime for some non-trivial range of
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parameters.

A similar analysis also recovers the celebrated results for a pair of variables
(X,Y), where a uniform X is passed through a binary symmetric channel BSC(p)
with flipping probability 12;p to produce Y and —1 < p < 1. The joint distribution
of (X,Y) is denoted as DSBS(p). This result is also known as the Bonami-Beckner
inequality.

Chapter 3 starts from a new non-convex weighted sum rate outer bound for
the Korner and Marton’s modulo two sum problem. By optimizing over this outer
bound, we could show that the optimal sum-rate is given by linear codes for a
larger class of binary distributions, thus extending the optimality results for the
Korner and Marton’s modulo two sum problem.

Chapter 4 is related to the non-convex functional H(Y;) — vH(X}), where
X, := X +/tZ is in the set of distributions along the heat flow and Y; is obtained
by passing X; through an additive Gaussian noise channel. We show that if ¢ is
re-scaled so that H(X};) is linear in ¢, then H(Y}) is convex in ¢. This problem
is equivalent to showing the log-convexity of Fisher Information, thus resolving
a conjecture in [15] and implicitly in the 1966 paper [39] by McKean. This is a
joint work with Michel Ledoux.



Chapter 2

Hypercontractivity Region

Evaluation

2.1 Introduction

Forward and reverse hypercontractive inequalities are a family of inequalities that
are studied in functional analysis [13]41], which have also found applications in

computer science [11}40].

Definition 2.1. A pair of random variables (X, Y) is said to be (A, Ag) forward
hypercontractive, for A, Ay € (1, 00), if

E(f(X)g(Y)) < IOl llg(Y ), (2.1)
holds for all non-negative functions f(-) : X - Ry, g9(-) : Y = R,.

Definition 2.2. A pair of random variables (X,Y’) is said to be (A1, A2) reverse

hypercontractive, for A, Ay € (—o0, 1), if

E(f(X)g(Y)) 2 £ (X)[xllg(Y ), (2.2)
holds for all positive functions f(-): X - Ry, g(-): Y — R, 4.
Remark 2.1. The following remarks are worth noting:

e In the above, we adopt the following notation for A-th norm of random

variables:
1Z]lx == E(|Z))%, A # 0.
and || Z ||y = ePlog12D,

18
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e We only consider finite valued random variables in this chapter, though
the standard machine (where finite valued random variables are called sim-
ple functions) enables the extension of the characterizations to families of
general random variables.

From Holder’s inequality and monotonicity of norm, it is immediate that if

1 1
N + I <1
then the forward hypercontractive inequality holds.

Similarly, reverse Holder’s inequality says that the reverse hypercontractive

inequality (2.2) holds when
1 1

— 4+ — =
At A
and the monotonicity of the || Z|| in X yields a trivial region of parameters where

(2.2) always holds. This, for instance, includes the region A\, Ay € (—00,0].

1

)

Therefore the non-trivial region of the reverse hypercontractive region is when at
least one of the parameters Ay or A\, is strictly positive.
A necessary condition for (X,Y) to be (A1, \y) forward hypercontractive is

given in terms of the maximal correlation of (X,Y).

Definition 2.3 (maximal correlation coefficient). The maximal correlation coef-

ficient between a pair of random variables (X,Y), p,,(X,Y), is defined as

pm(X,Y) = sup E[¢hy (X)12(Y)]. (2:3)
where ¢1(X) and (Y) are real-valued functions of X and Y such that

El(X)] = Ela(Y)] = 0 and ER2(X)] < L E3(Y)] < 1.

Remark 2.2. Observe that the maximal correlation coeflicient can also be written

as

pr(X,Y) = — inf B[, (X)) (Y))]. (2.4)

where 11(X) and 1o(Y) are real-valued functions of X and Y such that
E[1(X)] = E[¢2(Y)] = 0 and E[¥3(X)] < 1, ER3(Y)] < 1.

Theorem 2.1 (Forward hypercontractive correlation lower bound, [5]). A pair
of random variables is (A, A2) forward hypercontractive for A, Ay € (1,00), only
if

(M =1 = 1) > p(X,Y),
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Remark 2.3. This is a classical result and we present a proof for completeness.

Proof. In forward hypercontractivity definition , choose f(X) = 1+asyh(X)
and g(Y) = 1+ betho(Y) where 91 (X) and 12(Y) are arbitrary real-valued func-
tions such that E[t;(X)] = E[2(Y)] = 0 and E[¢?(X)] < 1,E[¢3(Y)] < 1. Here
a,b > 0 are parameters to be optimized and € > 0 is small enough so that both
f(X) and ¢g(Y) are nonnegative functions.

Taylor expansion with respect to € shows that

E[f(X)g(Y)] = 1+ abe” B[t (X)(Y)]

A —1
1Al =1+ 2

A —1
2

So we have for any 11(X) and (Y,

E[y7(X)]a’e* + o(e”) (2.5)

lg(Y ), =1+ E[y3(Y)]b*” + o(e?)

E[f(X)g(Y)] < [[F(X)n lg(Y) s

= abe? Bl (Xa(V)] < L B (X)]a% + 22 BV )1 + of)
= ab Bl (X)a(V)] < ML a? Bl ()] + 22 Efud(v)
=abE[1hy(X)s(Y)] < Al; Loy AQQ_ Ly (2.6)

where the last step follows from A\; > 1, Ay > 1 and E[¢}(X)] < 1,E[2(Y)] < 1.
By taking supremum over all possible v (X) and 15(Y) for the left-hand

side of and using the definition of maximal correlation coefficient ([2.3), we

require that

A1 . 1@2 N Ao . 1

= =D = 1) > pp(X,Y)

abl pm (X, Y)| < b’

where the last step comes from choosing a = V’”;\(I%Y)‘, b=1. O

Similarly, a necessary condition for (X,Y) to be (A1, \2) reverse hypercontrac-

tive is presented in the following theorem via the maximal correlation.

Theorem 2.2 (Reverse hypercontractive correlation bound). A pair of random
variables (X,Y) ~ pxy is (A1, \2) reverse hypercontractive for A\, Ay € (—o0, 1),
only if

(M =1 = 1) > p(X,Y)



2.1. INTRODUCTION 21

Remark 2.4. The proof to this theorem is similar to forward hypercontractivity

and we also present a proof for completeness.

Proof. In reverse hypercontractivity definition (2.2)), choose f(X) = 1+ a1 (X)
and g(Y) = 14 bey(Y) where ¢ (X) and 19(Y) satisfies E[¢1(X)] = E[2(Y)] =
0 and E[2(X)] < 1 E3(Y)] < 1.

From equations (2.5)), for any ¢1(X) and ¢»(Y) we have,

E[f(X)g()] = [F(X) [ llg(Y )],
A —1
2
1-— )\1

=abe” B[t (X)12(Y)] =

Bl (X))’ + 2 LB (1) +ofe?)

= — abE[i1 (X)ho(Y)] <

B0 + L2 B )

1= M\, 1=,
—b 2.
5 a‘ + 5 (2.7)

where the last step follows from A\; < 1,y < 1 and E[¢?(X)] < 1,E[2(Y)] < 1.

= — abE[i1 (X)ho(Y)] <

By considering all possible ¢ (X) and 95(Y") and using the alternate definition
of maximal correlation coefficient (2.4)) for left-hand side of (2.7]), we require that
I1—X 5 1=

> T
=(1=M)(1 = X2) = pp(X.Y)

b2

ablpm (X, Y)| <

where the last step comes from choosing a = W, b=1.

O

Exact computation of the hypercontractive parameters for certain distribu-
tions has been a challenging task with very few exact characterizations. Two
well-known cases where exact computations have been feasible are for jointly
Gaussian random variables, and when (X, Y') follows a Doubly Symmetric Binary
Source (DSBS) distribution, see [12,|13,130]. In these cases, the hypercontractive
parameters matches the correlation lower bound.

Our starting point is the following equivalent characterizations of the forward
and reverse hypercontractive region derived in [43] and [7]. One of the charac-

terization using divergence, stated below, can also be inferred from an earlier

work [14].

Theorem 2.3 ( |43]). Consider a pair of random variables (X,Y) distributed
according to pxy. For any A\, s € (1,00), the following four assertions are

equivalent:
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(1) pxy is (A1, A2) forward hypercontractive;

(17) For every qxy (<K pxy) we have (independently by Carlen et. al. [14])

1 1
)\_1D<QXHPX) + )\_QD(QYHPY) < D(gxv|lpxvy)- (2.8)

(i1i) For every extension py|xy such that I(V; XY') >0 we have

1 1
U X) + CIUY) S 1(UXY)
(iv)
1 1 1 1
Raxr |3 H () + HY) = H(XY)} - N H OO+ H(Y) = H(XY)

(2.9)

In the above, gxy < pxy denotes that ¢xy is absolutely continuous with

respect to pxy.

Remark 2.5. In [§], Beigi and Gohari observed that the tensorization property
of forward hypercontractivity is equivalent to the optimality of the achievable
rate region gy (pxy) for the Gray-Wyner source coding via using the above
characterization ([2.9)).

More specifically, the weighted sum rate of “gw (pxy) can be written as
(W.L.O.G. assume the weight coefficient vy for Ry equals 1):

St ) (Pxy) = (Ro,Rl,Rzi)Ielifaw(pxy) Ro +7R1 + 7R,

= inf I(X,Y;V)+H(X|V)+pHYV)

PVIXY

=H(X,Y)+ inf nwH(X|V)+»HY|V)—-HXY|V)

PV|XY

DH(X,Y) + Rygy {1 H(X) + 1 HY) = HXY)} ey (2.10)

where step (a) follows from the equivalence between auxiliary random variable V'
and lower convex envelope .

To explicitly evaluate the weighted sum rate, notice that the optimal py xy
is nontrivial happens only when v < 1,79 < 1,71 + v > 1. And determin-
ing the lower convex envelope 8, {11 H(X) +7H(Y) — H(XY)} is essentially

determining the set of extreme points:

{pxy = Ry MH(X) + 72HY) = HXY)] |pyy = nH(X) +72H(Y) - H(XY)},
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which is the same as the set

1
{pxy : pxy is (—, —) forward hypercontractive},
Y1 V2

by above characterization (2.9))

Theorem 2.4 ( [7]). Depending on the regime of parameters of A1, A2, the fol-

lowing yields an equivalent characterization of reverse hypercontractive inequality

(2.2) in terms of divergence.

(1) When A\, As € (0,1) reverse hypercontractive inequality (2.2)) holds iff:

For any qx and qy there exists rxy with rx = qx and ry = qy such that:

1 1
)\—ID(QXHPX) + )\—ZD(QYHPY) > D(rxyl||lpxy)

(17) When 0 < A1 < 1 and Ag < 0 reverse hypercontractive inequality (2.2) holds

For any qx there exists rxy with rx = qx such that:

1 1
)\_ID(QXHPX) + )\—2D(7“YHPY) > D(rxy||lpxy)

(1ii) When \; < 0 and 0 < Ay < 1 reverse hypercontractive inequality (2.2]) holds

For any qy there exists rxy with ry = qy such that:

1 1
)\—ID(TXHPX) + /\—ZD(QYHPY) > D(rxy|lpxy)

Before we state our main results, we state a well-known lemma (mentioned
by Mossel to the authors) that already provides some partial results on the first
regime of reverse hypercontractive parameters in above Theorem for pairs of

random variables whose support is not the entire product space X x ).

Lemma 2.1. Consider a pair of random variables (X,Y) ~ pxy. Suppose there
exists (xg,yo) € X x Y such that p(xo,y0) = 0, then for no pair (A, A2) €
(0,1) x (0,1) will (X,Y) be (A1, A2) reverse hypercontractive.

Proof. The simple argument is presented here for completeness. Consider f(X)
and g(Y) defined by f(zo) = 1, f(2) = V2’ # wo; g(yo) = 1, 9(¥) = V' # vo.
Note that

E(f(X)g(Y)) = p(x0,%0) + O(e) = Oe).
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1 1

On the other hand || f(X)||x, = px(x0)>1, [|lg(Y)]ln, = py(yo)*2. Taking e — 0, we

see that reverse hypercontractive inequality ([2.2)) is violated by a suitably small e.

Note that since zg, yo belong to the support of X, Y respectively, px(zo), py (yo) >

0. O

The results of this chapter first appear in [44] and [47]. This is a joint work
with Prof. Chandra Nair.

2.2 Main results

2.2.1 Binary Erasure Channel with Uniform Inputs

Consider a uniform binary random variable X passed through a binary erasure
channel BEC(e) producing the ternary output Y. Let pf}ﬁc(e) denote the joint
distribution of X and Y. From the definition[2.3] one could compute the maximal

correlation coefficient for (X,Y).

Proposition 2.1. Given a pair of random variables (X,Y) following the pf;;E/C(E)

distribution, where 0 < & < 1. The mazimal correlation coefficient p,,(X,Y") is

V1-—ce.

The correlation lower bound Theorem [2.1] for this setting says that (X,Y) is
(A1, Ag) forward hypercontractive for Ay, Ay € (1,00) only if

M —De—1)>1—c

The theorem below (first main new result of this chapter) determines the set of
parameters for which correlation bound is tight, i.e. yields the hypercontractive

region.

Theorem 2.5. Let (X,Y) distributed according to pf}lb;c(s) and A, Ay € (1,00)
satisfy (A —1)(Ag—1) = 1—€. Then (X,Y) is (A1, \2) forward hypercontractive,

i.e. the correlation bound is tight, if and only if the following condition is satisfied:

-5 <5 -1).

DN | —
DN W

Remark 2.6. If e < % then the correlation lower bound is tight; else it turns out

to be tight only for a subset of the regime of parameters.



2.2. MAIN RESULTS 25

Proof. The proof is divided into two parts. In the first part, we will establish the
result for Ay > 2 directly using the definition of hypercontractivity, by mimicking
Janson’s proof 32| for the DSBS case. For Ay < 2 we will use the equivalent
characterization using divergences to provide a proof.

Case 1: \y > 2. Let \; =1+ /\1;51 so that (A\; —1)(A2 — 1) = 1 — e. We wish

to show that for all functions f(-), ¢g(-) the inequality

E(f(X)g(Y)) < 1Ol llg(Y ),

holds. Observe that, by Holder’s inequality,

E(f(X)g(Y)) = E(E(f(X)[Y)g(Y)) < [EFS Y llg(Y) -

Here X, € (1,2] is the Holder conjugate of Ay, that is, A, = )\jil. Hence showing

(in fact this is an equivalent condition) the following suffices

IEC O )y, < (1O

W.lo.g. let f(0)=1—-9, f(1) =1+ d. Then the above inequality reduces to

1— A . 1% N 1 By
5 ‘=0 + —S(1+06)M +e] "< [5(1 — )M+ 5(1+6)“] .
That is, suffices that
A
1+(1—e)i A2 gk o 1+i ALY s )
pt 2k - — 2k

To get the above reduction we use the multiplicative formula extension of binomial

co-efficients and the infinite power series

(I+a) =1+ (Z‘)xk |z < 1.
k=1

i_/f: Ajie > 1. Since (14+2)* > 1+ ax (a >

Substituting for \; we see that
1,z > 0), it suffices to show that
NV Ny o= (A
1+ (1- e); (22>62’“ <1+ A—j; (2;)52’“
Since 1 < A\; < X, < 2 the inequality is easily seen to be true by comparing the
coefficients of 2% term by term (all terms are non-negative). Equality holds for
k =1 and for all other powers it is an inequality, in general. (See Remark at

the end of next section.)
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Case 2: Ay < 2. We use the equivalent characterization using divergences in

this case. Again let (A\; — 1)(Ay — 1) = 1 — e. We wish to show that

1 BEC(e) 1 BEC(e)
m —D
e N, Dlaxllpx™ ") + - Dlav oy

>0 o.w.

It is easy to see that the maximum has to be an interior point by considering
the functional behavior at the boundaries. This is primarily because the last
term has an infinite slope at the boundaries and since Ay, Ay > 1 this infinite
slope cannot be completely canceled by the first two terms. We omit the details
of this calculation here.

Thus the main part of the proof is to show that there is only one interior

BE (7(5)

stationary point gxy = py when € — = (/\2 1); and otherwise gxy =

BEC(e) .
Dxy  1s not even a local maximum.

For any (strictly) interior stationary points, the Lagrange conditions yield

1 1 oo
k=—1 — —1 2.11
" n(qoo + qor) N N (2.11a)
1 1 q1
k=—1 - —1 2.11b
" n(qi + ¢ie) Y n 1o ( )
1 1 1 1
k= —1In(qoo + qor) + — In(qor + 1g) — —~In2 —Ingog + — Ine (2.11c¢)
A )\2 )\2 Ay
1 1
k= —ln(qn +q1E) + —ln(qOE+q1E) ln2 —hl(hE‘f‘ —IIDE (211(1)
A1 Ao Ao A
Equating (2.11c)) and (2.11d]) yields
A
D5 _ (—qoo i q°E> . (2.12a)
GiE qu + qie
Equating (2.11a)) and (2.11d)) yields
2A -1 1—¢
doo = o . (2.12b)

(gor + qip)e™t €
Equating (2.11b)) and (2.11d)) yields

qi\%EQXTl 1—c¢
Qe + qp)?! e
Substituting for ggp and g1 using and (2.12¢)) in (2.12a)), setting 1 — § =
_Zns_ < [0, 2], this yields

QE+E

qui = ( (2.12¢)

(I—e) 1 =02 4e(1—0) M =1 —e) (1402 fe(140)™
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and using (A — 1)(A2 — 1) = 1 — ¢ we obtain
(1= €)(1—6)% T +e(1—6)% = (1—€)(1+6)%7 + e(1+6)%.

From Lemma we know that the above equation has exactly one solution,
§ = 0, when (e — 3) < 3(\y — 1). Thus under the above condition on (Ao, €)
every interior stationary point must satisfy gor = q1p. Further from and
(2.12¢]) we can conclude that

oo _ quu _ Qr _ Qe
l—e 1—¢€ € €’

implying that the only stationary point (hence global maximizer) is ¢xy =

pf;;E,C(S), which yields a maximum value 0 as desired.

for some d > 0 choose

dxy = [CIO(),QOE,%E,Qlﬂ
(1—=0)2(1—¢) e(1—6) e(1+9) (1 —e€)(1+0)*
A ’ A A 7 A

where A = 2¢ + (1 — €)[(1 + 8)*2 + (1 — §)*2] is the normalizing constant. Taylor

series expansion of the term

1 BEC(e 1 BEC(s BEC(s
3 Plaxlpx™?) + =Dlavllpy™ ) = Digxy Ipx)

around € = ( yields an expansion

Sre(1= 0% — (26— (%, 1) = 3)5* + 05"

which is positive when

1 3
€—§>§()\2—1),

yielding that the maximum of the function is strictly positive under these param-

eter settings. ]

Now let us turn to the reverse hypercontractive region for binary erasure
channel with uniform inputs. The correlation lower bound for this setting says

that (X,Y) is (A1, A2) reverse hypercontractive for A\, Ay € (—00, 1) only if
M= —=1)>1—¢.

In all the results mentioned above, the forward hypercontractive or reverse

hypercontractive region matches the correlation lower bound (though in general
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it is known that these two are not the same regions). The computation of reverse
hypercontractive region in this setting shows a non-trivial exact characterization
where the region is not given by the correlation bound.

The following main new result concerns characterizing the reverse hypercon-
tractive region for the binary erasure channel for certain range of parameters.
(This determines the second regime in Theorem and leaves the third one

as undetermined in Theorem [2.4] since Lemma rules out the first regime for

BEC
Pxy (6))

Theorem 2.6. Let (X,Y) be distributed according to pX;E/C() e € (0,1) and
A1, A2 € (=00, 1)\ {0}. When Ay <0, (X,Y) is (A1, Aa) reverse-hypercontractive

if and only if
In2

- :
In2— ’\f\—gl In[(1 —€)2%2-1 + ¢

A <

Proof. Ay < 0 and A} < X,(:= ’\31) will belong to the reverse hypercontractive
region trivially from the Reverse Holder’s inequality and the monotonicity of
1Z][x in A

From Theorem we are left with determining the range of Ay € (A}, 1)

satisfying the following: for any ¢x there exists rxy with rx = qx such that

1 e 1 e
3 Plaxl ™) & =Dyl ) 2 Draerl oy, (213)

We will show that the above condition holds if and only if

In2
A < 1 . (2.14)

In2— ’\i—gl In[(1 — C)Qﬁ + ¢

(2.14) = ([2.13)): If rxy is not absolutely continuous with respect to pf}ﬁc“’,

D(er||p§€C(€)) will become 400, while = (qX||pBEC ))+/\%D(r ||pBEC ) are
finite; violating (2.13)). Thus, it is sufﬁcient to search over rxy that are absolute
BEC’(a)

continuous with respect to py .

Denote gx(X =0) =z, rxpy (X =0,Y =0) =r, rxy(X =1,Y =1) =
Hence rxy(X =0,Y = E) =ao—r, rxy(X =1,Y = F) =1—x — s, since
rx(X =0)=gx(X =0)=

Define f(x,r,s) according to

1
D(gx|pR"“) + —D(ry||py ") — D(rxy||pis”®)

flx,rs) = W

M
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We need to show that when Ay < 0 and \; satisfies (2.14)) then

min  max f(z,7,s) > 0.
z€[0,1] 0<r<z,
0<s<1l—x

Define the function

glz) = _ max flzrs).

Then suffices that g(x) > 0 for x € [0,1]. A simple symmetry argument shows
that g(x) is symmetric about z = 3.

The idea of the proof is as follows: we will show that g(z) has 3 stationary
points in the interval z € (0,1), with one of them being at = = % When
(M —1)(A2 —1) > 1 — ¢, we will show that g(z) is a local minimum at z = 1,
implying that the other two symmetric stationary points correspond to local
maxima. Since g(3) = 0, it suffices to verify that the boundary condition, i.e.
g(0) > 0. It will turn out that this boundary point is what yields , the
critical condition in this case.

For a fixed z € (0,1), since Ay < 0, convexity of D(p||g) in p immediately
implies that f(x,r,s) is concave in r,s (when viewed as a bivariate function).
Further the derivatives at the boundary tend to infinite, implying that the max-
imum of f(z,r,s) (for a fixed ) is attained strictly in the interior. Thus, from
concavity, there is a unique pair of points ro(z) € (0,2) and so(z) € (0,1 — z)
such that

9(x) = f(z,ro(z), 50(2)).

We will first analyze the interior stationary points of g(x). If z* is a station-
ary point, then one can check that f(z*,ro(z*), so(2*)) is a stationary point of
f(z,7,s). This is just a consequence of f(z,r,s) being sufficiently smooth and
the details are omitted here.

Setting gradients to be zero, we have

1 x r—r
2 1 —0
Alnl—x S —_ ’
1 2er €r
—1 1 —0
o A—o(l-r—5 TA-9@-r
1 2es €S
In = 0.

— -1
oo A—gl-r—5 1-ol-z—s)
These equations are essentially the same as those Lagrange conditions in for-

ward hypercontractivity Equation (2.11)), if we use the parametrization gy =
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T qog = * —T,qup = 1 — 2 — s,q;1 = s in Equation (2.11)). So via the same

2(x—r)

T4, we have

manipulations there (not repeated here), letting 1 — § =

1—c¢ /
1 _ )\27)\1 1 _ 1*)\1 —
—S(1— 9% 4 (1 - 0) :

— €

(140%™ 4 (140)™  (2.15)

where )\, is Holder conjugate of Ay. Further every solution of the gradients con-

dition is in one-to-one correspondence to a root of (2.15]).
In2

According to Lemma [2.3, under the condition A\; < T ,
1n2—*§—;11n[(1—5)2W+e}

equation (2.15)) has only three roots § = —v,~,0 for some v € (0, 1).

Correspondingly, the number of interior stationary points f(x,r,s) is three

(14+)et-(149)°2 (1—€)
2+ (1—0)[(14+7) 2 +(1—7)*2]

1.
29

given by: z] = 3; and two symmetric points x5 = %,

(1_7)e+(1_72*’2(1_e) / 1
2e+(1-)[(1+7) 2 +(1-y) 2] 2

Part (i) of Lemma establishes that the condition (2.14) and ¢ € (0,1)

implies (A; — 1)(A2 — 1) > 1 — ¢; and under this case we will show that z* =

* __ * __
and z5 =1— 25 =

>
is a local minimizer of g(z). Then x} and x} cannot be a local minimizer of g(z)
as g(x) is continuously differentiable on (0, 1). Thus, x5 and z} cannot be global
minimizers of g(z).
To show z* = 1 is a local minimizer of g(z), notice that g(1) = f(3, 455, 55¢) =
0. So suffices to show that for § > 0 arbitrarily small, g(3 + &) > 0.
One can verify that

f(% Lo m(% + 5),50(% Loy =22 — 12 o,

which is strictly positive for small § precisely when
()\1 — 1)()\2 — 1) >1—ce

Thus the global minimizer of g(x) can only be one of the three points {0, 1, 1}.
By symmetry g(0) = g(1). Now g(0) = max,e[,1) f(0,0,s), where

1 1 2s 1—s
=—1In2+ — |sl 1—s)1
£(0,0,s) Aln +)\2 sn1_€+( s)In -
2 2(1 —
~sln 22 —(1—5)1nu
1—e¢ €

Notice the above function is concave over s. By taking derivative over s, we

get that the maximum point s4(0) = —2=5—.
1—e+21-22¢
Thus f(0,0,s0(0)) > 0 is equivalent (after re-arranging) to
A < In2

In2— Ai—;lln[(l - C)Qﬁ + e]'
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This range, from first part of Lemma [2.3] also satisfies (A — 1)(Aa — 1) > 1 —,
implying that when (2.14]) holds, g(z) > 0 for all € [0, 1] and hence ([2.13]) holds.
(2.13) = (2.14): Let gx(X = 0) = 0. If rxy is not absolutely continuous

with respect to par’ ® . D(ryy||[pBEC) will become +oo, while - D(ax|lp

BECY
3 D(ry|[pf*¢) are finite, which contradicts the condition. Suffices to consider
the case when rxy is absolutely continuous with respect to pBEC(a).
As before denote ryy(X = 1,Y = 1) = 5,(0 < s < 1). The condition
(qXHpBEC(E)) + %D(TprBEC(E)) > D(rxy|[p%2°®) for some ryy with ry =
gx leads to f(0,0,s) > 0 for some s € [0,1]. But as mentioned in the previous
section, this is equivalent to f(0,0, so(0)) > 0, which leads to
In2

A < T .
In2— /\2)\—;1 In[(1 — €)2%-T + ¢

2.2.2 Binary Symmetric Channel with Uniform Inputs

Consider a uniformly distributed binary valued X and Y obtained by passing X
through a BSC with crossover probability 2. Denote the joint distribution as
pf}f,c(" . The hypercontractivity for this pair of (X,Y) has been established since
the 70s and there are various proofs in the literature, see [12,/13,30]. The simplest
one, according to the authors, is the one due to Janson [32]. This section yields
yet another proof of the celebrated Bonami-Beckner inequality starting from the
divergence characterization. Friedgut [23] established a proof along the very same
lines for a particular choice A\; = Ay = 14 |p|, and this proof generalizes the proof

to all parameters.

Similarly, one could compute the maximal correlation coefficient for (X,Y") ~

P ? from the definition (2.3).

Proposition 2.2. Given a pair of random variables (X,Y) following the DSBS(p)
distribution, where —1 < p < 1. The mazximal correlation coefficient p,(X,Y) is
p.

BSC(p

For py , both the forward and reverse hypercontractive regimes are char-

acterized by the correlation lower bound.

Theorem 2.7 (Bonami-Beckner; alternate proof provided here). For (X,Y") dis-
tributed according pf}f,c(p ), the pair (X,Y) is (A1, \2) forward hypercontractive
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(M =D —1) > p*.

Proof. When p = 0 the result is trivial and follows from the monotonicity of
norm. Hence, we assume that p # 0. The proof mimics that of case 2 of the BEC
proof. We consider, w.l.o.g. the pair (A, \) satisfying (A\; — 1)(Ag — 1) = p*. We

are required to show that

1 1
max__— D(qx|[p¥°°) + —D(av |p¥°°) — D(axv|[p55°) = 0.
axy <pB5°¢ )\1 )\2

It is rather elementary to see that the boundary points cannot be the maximizers;

so we will only consider the interior points. The idea is to show that there is only

one interior stationary point at qxy = pf}@c.

For any (strictly) interior stationary points, the Lagrange conditions yield

k= )\illn(qoo + qo1) + %2 In(goo + q10) — In 1q_?_0p (2.16a)
k= )\illn(%o +qo1) + )\% In(go1 +q11) —In 1q31p (2.16b)
k= )\illn(qlo +qu) + )\% In(goo + q10) — In 1qiop (2.16¢)
k= )\illn((ho +qu1) + )\% In(go1 +q11) —In 1qj_1p (2.16d)
By considering equations and ; and and we obtain
(900+QO1)A11:@1—P:@1+P:$ (2.17)
qio + qu1 qol+p qul—p

Similarly considering equations (2.16a)) and (2.16b)); and (2.16c) and (2.16d]) we

obtain

1

P> 1-— 1

e L ETHEY o
do1 + q11 qor1l+p qul—p

Since qoo + o1 + q10 + g1 = 1, denoting 6 = %Z € (0,1) U (1,00) (since p # 0),

elementary manipulations show that x satisfies the following equation

el (1 +0x)ﬁ0 + (6 +a:)ﬁ
(0 +2)%10 + (1 + fz) %1

Since (\; — 1)(Ay — 1) = p? = (%)2, denoting by t = ﬁ, we obtain that x

satisfies

i(=0)? _ (L4 0z)'0 + (6 + )"
0+ 2)t0 + (1 + 0x)t

3
7
B
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From Lemmal[2.4] we could know that the equation above has only one root = = 1.
Therefore there is exactly one stationary point, gxy = p55°. This ensures that

the maximum of the divergence expression is zero and completes the proof. [

The same technique that we employed here can be used for the evaluation
of reverse hypercontractive region for binary symmetric channel with uniform
inputs. In this case, a result due to Borrell [13] already shows that the correlation
bound is tight and the technqgiue developed here just provides another proof. Since
the argument is similar to previous case, we will only provide an outline of this
argument. As you will see, this case is considerably simpler than that of the
erasure channel.

The information-measure characterization in Theorem essentially reduces
to checking that a certain min-max expression is non-negative. By analyzing
each case (in Theorem separately we can show, in a similar fashion, that any
interior local minimum must be a stationary point.

Further by analyzing the first derivative conditions, we will arrive that all

stationary points are in one-to-one correspondence with the set of y satistying

(0 + )0+ (1 +6z)t '

for some appropriately defined t € (—o0,0) and 6 € (0, 00). This is identical to the
Equation 1) in Lemma in the forward analysis for pf}f,o(p ) and the details

are omitted. As shown again in the forward case, the above equation has a unique

root y = 1 in (0, 00); when 6 € (0,00) \ {1}. This shows that the unique interior

stationary point is ryy = p5°. Contrary to the binary erasure channel, it turns

out that the boundary points do not influence the reverse-hypercontractive region.

2.2.3 Binary Input Symmetric Output Channel with Uniform Inputs

Consider a pair of random variables (X,Y) where X is binary and uniformly
distributed, and Y is obtained via a channel Wy |y that satisfies a symmetry

property, Wy|x (Y = i|X = 1) = Wy x(Y = —i|X = —1) = p;, for —K < i <

K,K € N,. Denote the joint distribution as p%fo@) distribution. This class

contains both the pf;gc(a) and pf}‘ic(p ).

Proposition 2.3. Given a pair of random variables (X,Y") following the BISO(p)

K (pi—p—i)*

distribution. The mazimal correlation coefficient pn,(X,Y') is D 2;~, 5=
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The correlation inner bound (a simple calculation) for this setting says that
(X,Y) is (A1, A2) forward hypercontractive only if

A =1 —=1)> i 2.20

(= D ;; b (2.20)

The following proposition states that the correlation lower bound is tight for

forward hypercontractive regime of py ISO@ when Ay > 2.

Proposition 2.4. For any Ay > 2, the pair (X,Y) ~ pf}’fo(ﬁ’ is (A1, A2) forward
hypercontractive for any pair of A\, As satisfying the correlation bound (2.20)).

Proof. The proof mimics the proof of Case 1 in the proof of Theorem [2.5, Fol-

lowing the approach we need to show that

IE (X)) < 1A

Further, by monotonicity of norm, it suffices to restrict to
K
(pi —pi)®
AM—1)(A—1) = _
=D -1 = 3B
W.lo.g. let f(=1) =1-9, f(1) =1+ 6. Then the above inequality reduces to
showing

/
Ao

K . , o\ 2 X
Yo nEh +2p_1 (1 — gl p‘f) < {%(1 — o)+ %(1 + 5)A1] .
i=—K

Pit P

Observing that 2 > 1, taking the binomial expansion of both sides (as earlier)

and using (1 + x) >1+az,a> 1,z >0, it suffices to show

R (S o)) G

Comparing term by term, we see that equality holds when k£ = 1 and the inequal-

ity holds for other terms since k > 2 implies

pﬂrp pi +p_; i\
Z <pz+p ) _Z: (pﬁp ) '

This completes the proof of the proposition. n

Remark 2.7. A key observation in the above argument is that when 1 < A; < A, <
2, the terms (;\;) and ( 2) are non-negative for any k > 1; p,, (X, Y)? (2) = i—%(’\;)
(where p,,,(X,Y)? is the maximal correlation coefficient); and for j > 2 the term
j—A,y > j—A; allows one to conclude the term by term relation. This is essentially

a borrow of the argument in [32] for the DSBS scenario. .
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2.3 Conclusion and Discussion

In this chapter, we derive part of the forward and reverse hypercontractivity
region for a pair of variables distributed as the BEC with uniform inputs. The
technique employed is essentially a local analysis (identifying local extremal points
and comparing the function values between them). The key insight that enables
us to do this effectively is that all interior stationary points are in one-to-one
correspondence with the roots of certain equation. The Taylor series expansion
of this equation has certain patterns on the signs of its coefficients, allowing us
to get a control on the number of interior stationary points. We were led to
investigating the uniqueness of stationary point after hearing Friedgut present
his proof for a particular parameter of the BSC case.

The determination of hypercontractivity parameter for the binary erasure
channel was a question posed to us by Jaikumar Radhakrishnan and Venkat
Guruswami during the Simon’s institute semester long program in information
theory. For the binary erasure channel, one can extend the proof technique bor-
rowed from [32] to the forward hypercontractivity parameter regime Ay > %
However for the rest of the regimes, the only proof we could obtain was using the
divergence characterization.

The hypercontractivity parameters for binary symmetric channel with uniform
inputs is derived in many regimes. We also obtain a proof of the Bonami-Beckner
inequality (the BSC case). An interesting observation is that when correlation
inner bound was tight, it turned out that the non-convex optimization problem
had only one stationary point.

For the case of binary input symmetric output channels we showed that the
correlation inner bound is tight for Ay > 2. However numerical simulations indi-
cate that perhaps the correlation inner bound is tight until A\ > %; indicating yet
another example of binary erasure channel being the opposite extremal (the other
one is BSC) case among the space of binary input symmetric output channels.

As shown in [8] forward hypercontractive region is same as the Gray-Wyner
source coding region. In recent past a variety of computations of capacity regions
(or achievable regions) have been performed in network information theory. All of
them involve optimizing non-convex functions over probability spaces. The

functions are linear combinations of information measures and usually satisfy the
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sub-additivity or super-additivity property. The exact computations have been
done in some special cases, where the global maximizer could be identified by a
local analysis.

In many cases, for instance [25], there is only a single interior local optimizer;
and sometimes it is a competition between the boundary and the interior sta-
tionary point, |[17]. However, in each case, the proofs are quite complicated and
require careful analysis with very few re-use of specific results. There are some
other similar problems (conjectures), for example the one in [52], where numeri-
cally, there do not exist any other local optimizer other than the conjectured ones.
However, a rigorous mathematical proof is lacking for many of these settings.

All the problems being considered can be reduced to the non-convex problem
family by the technique in section , where a certain set of standard tools
could be devised to isolate the global maximizers. This could have far-reaching
consequences: for instance a fast approximation algorithm for obtaining the 2 to

4 norm for an arbitrary matrix with non-negative entries.

2.A Binary Erasure Channel with Uniform Inputs
Lemma 2.2. Ford € [-1,1], A2 € (1,2), € € (0,1) the following equation

L)1 —0)" T +el—-8)T=(1-e)1+0)% T +e(l+8)%r.
has only one root at § =0 if (e — 3) < 3(\y — 1).

Proof. Clearly 6 = 0is aroot of this equation. Denote p—1 = ﬁ for convenience

of writing. Note that p € (2,00). Define the function g(6)

_1—6

1—e¢
1= §)e=De L (1 — 5)p-D(e-1) _
— (1= ) (1) :

9(9) (1+ 5)(p—1)e —(1+ 5)(;;—1)(6—1)

g(0) = 0, lims—,1— g(0) = 4+00. Further g(§) = —g(—0). The statement follows
by showing g(8) increases over (0, 1) if (p — 1)(e — 1) < 3.

Take the derivative with respect to 9,

J@) ==1=e)p—11—0)" "= (L =0 "+ (L+0)" " — (14 7]
Let r = pe — e — 24, then ¢/(6) > 0 is equivalent to

p—

(1=0)[(1=0)" = (1=0)F]> 1+ [(1+0) = (1+8)"F)).
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Observe that r < 1 is equivalent to (e—1) < 2(X\y—1). So we are done if we show

1

that the above inequality holds for any r < 3 1_6)T

and p > 2. Further since (m

decreases in r, it suffices to show the inequality for r = % and p > 2. Substituting

r= % and rearranging, we wish to show
(1—6) T 4 (1+6) 5 > (14+8) + (1-6)5.
Performing a Taylor series expansion, it suffices to show

S (1 B (4
> 2 2k
1+k:1< 2k )6 ] = lJrk=1 (Qk)(S ]

Note that the first term (k = 1) is equal for both sides and is positive (in the case

2

that p > 2). For k > 2 it is immediate (by expanding the binomial term) that

() 2o o)y

This completes the proof of the lemma. O]

Lemma 2.3. Let X, < A < 1,A < 0, where X, := ,\;\31' When A\ <
In2 T , the following hold:

1n2—)\2)‘7;11n[(1—e)2>‘2_1+5]

(1) (A1 —1)(A2 — 1) > 1 — €. Further the inequality is strict if € € (0, 1).

(13) The equation

! Z 1PN g (1 g)h = L€ Z S+ 6)% N 4 (14 5) ™

has three roots 6 = —v,0,~ for some v € (0,1) on the interval 6 € (—1,1).

Proof. Note that

% In[(1 — e)Qﬁ + €]

(A=D1 —1) >

In2— ’\f\gl In[(1— e)Qﬁ + e]‘

Therefore it suffices to show that above right-hand side is larger than 1 — ¢ when
Ao < 0. Setting r = ﬁ € (0,1) and substituting into above right-hand side, it
suffices to show that

L In[(1—€)27" + ¢

r(r—1)
>1—ce.
m2+ Lmfl—e27+d° *

This can be rearranged as

(1 —€) 4 €2 < 2T rrer.
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It is a rather immediate exercise to verify that the right-hand-side is strictly
concave in €, for € € (0, 1); and since equality holds at ¢ = 0 and € = 1, we have
the desired result. This establishes part (i) of the lemma.

Proof of (i7): Define the function h(x) for 0 < z < 2

he) = L Ch g o LT
€ €

(2 — x)/\é_)‘l —(2- x)l_)‘l.

Note that h(1) = 0, lim, o h(x) = +oo. Further h(z) = —h(2 — z). Part (i)
follows by showing that there is only one root for h(z) = 0 for z € (0,1).

Take the derivative with respect to x,

A\

h,(a:) _ (1—€)(Ny — )\1)33,\'2—,\1—1 (1= M)z

€

, 1=90h—x)

p @—a) M (1= M2 —a)

Note that
l—e)Xy+e—XN>0 <= (M —1)(N—-1)>1—¢

Thus A'(1) = 2 (%) > 0 from part (¢). Hence h(x) = 0 will have at
least one root in (0, 1) by its continuity.

The claim that h(z) = 0 has only one root in (0, 1) will follow by showing that
h(x) first decreases and then increases on (0,1); in other words A/(z) has only
one root in (0,1). Since lim, o h'(x) = —o0, A'(1) > 0, and A/(z) is continuous on
(0, 1], implies that there is at least one root at x = 1 — gy for yo € (0, 1) for h'(x).

Setting * = 1 — y and considering the Taylor Series expansion of A'(z) with

respect to y about y = 0, we obtain

=y =2y [LEIBEN (Rt ()]

Let a = (1 — )\1)(”1) and b, = %/\1—)\’2)(,\'2722171). Note that ay, b, > 0

W(1—y) =2 (a —b)y™.

k>0
Note that ag > by (from part (i) or since this is h'(1)).
Suppose there exists kg € N such that ag, < by,, then a; < by, Vk > ky. This

follows basically from an induction argument, since

(M + 28) (A + 2k + 1)
(2k + 1)(2k + 2)

Q1 = Qg
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A+ 1 =X, +2k) (A +1 =M +2k+1)
(2k +1)(2k + 2)

bk+1 = bk

1 — X, > 0 implies that once by > ay, the inequality continues to hold for larger
k. Since h'(1 —y) = 0 has a root in (0, 1), implies that 3 m > 0 such that
ar > by, Vk < m and by > ag,Vk > m.

Define ¢ = |ay, — bg|. Then

m oo

h/<1 . y) _ chka . Z Ckka

k=0 k>mA41
where ¢, > 0 (with at least one ¢, in each range, k € [1 : m| and k > m+ 1 being
strictly positive). Let yo € (0,1) be a root of h'(1 —y) = 0.
For y > yo > 0, note that

The equality above is a consequence of yy being a root. Thus, no y > yo can be
a root of h'(1 —y) = 0. Similarly, reversing inequalities above, for 0 < y < yo, y
cannot be a root for A'(1 —y) = 0.

Thus A'(z) = 0 has only one root in the interval = € (0,1), and as
lim, o W' (xz) = —oo, A'(1) > 0, due to the continuity of A'(z), we have h'(z) < 0
for x € (0,1 —yp) and A'(z) > 0 for x € (1 — yo,1). Putting this together with
lim, o h(z) = +oo and h(1) = 0 implies that, h(x) = 0 has precisely one root,
say © = 1 — 7, in the interval x € (0,1). Since h(1 — J) is an odd function with
respect to §; the roots are given by o = —~,0,~. This completes the proof of part
(17). O

2.B Binary Symmetric Channel with Uniform Inputs

Lemma 2.4. For any t € (0,00) and 6 € (0,1) U (1,00) the equation

LH58)° _ (14 62)'0+ (64 )
T (O + 2)t0 + (1 + Ox)t

has only one root at x =1 for x € (0, 00).



40 CHAPTER 2. HYPERCONTRACTIVITY REGION EVALUATION

Proof. Let x = e and define
g(h) =In ((1+0e")'0+ (0 +¢e")").

Taking logarithms of the equation in Lemma [2.4] and making above substitutions,

we wish to show that
1-6\°
ht| —— | =g(h) —g(—h) — ht
(155) = o0 a1

has exactly one zero at h = 0. Define

(h) = g(h) — g(—h) — ht — ht L= 0)"
=9 g 1+6)
We will show that 7/(h) < 0 implying the desired result.

Note that
(hy=g'(h)+ g (—h)—t —t (-2 2
T =g g 1+6)

Observe that

h) =t 02 (1 + Geh)=t + (0 + )it
g\ = (1+ 0eh)10 + (0 + eh)t

—¢ (1 — 0 ((1(1—5602;):9:((90:62;1)) '

Substituting this into 7’(h), and after performing elementary manipulations, the
condition 7’(h) < 0 becomes equivalent to verifying

4 (1 +96h>t—1 + (9+eh)t—1 (1 —I—th)t_l + (9+eh>t—1
(1+6)2 = ( (1+ 6eh)th + (6 + el)t ) e’ ( (1+0eh)t +6(0 + eh)t ) '

The above condition can be re-expressed as

((L+0e) 7+ (0 +e)'7h) (1+0e") ™ + (0 + "))

>

(1+6) ((1+6e")0+ (6 + ")) x (14 6€")" +6(0 + "))

Elementary algebraic manipulation reduces the above to
1-6\? 2
1 0 h\t 2 h\t
(—1+9> ((1+Ge™) — (6 + "))
+(1 4+ 0" 0 + M) 1 4 e — 0 — )2 >0,

which trivially holds. Furthermore, equality holds only at A = 0 implying that
r(h) =0 only at h = 0. O



Chapter 3

Lower Bounds on Distributed

Source Coding

3.1 Introduction

Returning to the Korner and Marton’s modulo two sum problem in the Introduc-
tion chapter, the optimal rate region for the Koérner and Marton’s modulo two
sum problem in general unknown. Recall that we have two achievable rate regions
for this problem: Slepian-Wolf region and Korner-Marton region . And
the best achievable rate region is given by Ahlswede and Han in [2].
Korner showed the following result for the case when Slepian-Wolf region is
optimal:
Theorem 3.1 (Exercise 16.23 in [20]). When H(Z) > min{H(X),H(Y)},

Slepian-Wolf’s rate region characterizes the optimal rate region Xy (pxy) for

the Korner-Marton sum modulo two problem.

On the other hand, Korner and Marton gave the following result for the case

when Korner-Marton region is optimal in [33]:

Theorem 3.2. When (X,Y) follows a DSBS distribution, Korner-Marton re-
gion characterizes the optimal rate region Zx v (pxy) for the Kérner-Marton sum

modulo two problem.

Remark 3.1. To the best of the knowledge of the authors, these two theorems are
all the collection of joint distributions pxy for which the optimal rate region has
been determined. Here we will show that linear codes minimize the sum-capacity

for a larger class of distributions that include the DSBS as a special case.

41
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The following is the cut-set lower bound which is rather immediate.

Theorem 3.3 ( [33]). Any achievable rate pair (Ry, Ry) for the modulo sum

problem must satisfy

R, > H(Z|Y) = HX|Y)
Ry > H(Z|X) = HY|X)
Ri+ Ry > H(Z).

In this chapter, we first derive a lower bound for the weighted sum-rate of
the optimal rate region for the Korner and Marton’s modulo two sum problem.
Then we will show that the lower bound is tight for several classes of distributions
(including distributions for which the optimality was not known before).

Next, we will present alternate proofs to the converse of the optimal rate
regions of quadratic Gaussian CEO and quadratic Gaussian distributed source
coding problems. These two proofs are similar. First we will derive some weighted
sum rate lower bounds. Then we will use the rotations techniques in [26] to show
the Gaussian distribution minimizes the weighted sum rate lower bound, which
will imply that the Berger-Tung inner bound is optimal for these two settings.

The results on the Korner and Marton’s modulo two sum problem of this
chapter first appear in [48]. This is a joint work with Prof. Chandra Nair. To the
best knowledge of us, the alternate proofs on the quadratic Gaussian CEO and

quadratic Gaussian distributed source coding problems are new in this thesis.

3.2 Main Results on Korner and Marton’s Modulo Two

Sum Problem

The following tensorization lemma will be used in the proof of the theorem.

Lemma 3.1. Let A > 1 and let (X", Y™) be i.i.d distributed according to p(z,y)
where X, Y take values in a finite field. Let Z™ be obtained as Z; = X; ® Y;,i =
1,..,n, i.e. the component-wise modulo sum on the field. Then for any A > 1 the
following holds:

min  AH(Z"|U) — HY"|U) = n ( min  ANH(Z|U) — H(Y|U)> .

U:0—sXn—yn U.U—X—=Y
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Proof. Clearly, by taking i.i.d. copies of the minimizer of the right-hand side, it
is immediate that the left-hand side is at most the value of the right-hand side.
To show the other direction, observe that
H(Z"|U) = HY"|U)

- Z (A= VH(ZI0, 27 + B(Z|U, Z7) = HY[0,Y73)|

- Z (= DH(Z|0, 27 + H(Z|U, 27, i) = HYGO, 27,V

> ZAH(Zi!Ui) — H(Y;|Uy),

i=1

where U; = (U,Y,,Z"") and note that U, — X, — (¥;,Z) is
Markov. The second equality above uses the Korner-Marton identity that

S HZEL Y0, YR = S (YR Z|U, 2. This completes  the
proof. O

We now state a lower bound to the optimal rate region, which we believe is

new.

Theorem 3.4. Any achievable rate pair (Ry, Re) for the modulo sum problem
must satisfy the following constraints for any A > 1:

Ri+ ARy > H(XY) + min AH(Z|U)— H(Y|U)

AR, + Ry > H(XY)+ min MH(Z|V)— H(X|V)
VoY —-X

Proof. For A > 1, any sequence of compression schemes that achieves a rate pair

(R, Rs) will require that

n(R1 + AR2) + n(l + N,

(@)
> (M My; X"Y™) + + (14 N H(Z™| M, M,)
FHOXY) = HOXY" M M) + H(MiMy) + -
+ (L+ N H(Z" M, M) — (X + 1)H (M My)
© H(X Y™ 4 AH(Z" My M,) + H(Z" M, M) — H(Z"Y™ My My) — H(M, My)

— (A= 1H(M,)
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2 H(X"Y™) + NH(Z"My) + MH (M| My Z")— H (Y "M My) + 1(Z" Y " | M, My)

— (A= D)H(M)
D H(XY) + AH (27 My) — H(Y"M,) — (A — 1)) H(M,)
D0 H(XY) + AH(Z"|My) — H(Y"|M,)

Y H(XY) +n< min  AH(Z|U) —H(Y|U))

U—-X—-Y

The step (a) is due to the fact that nRy +nRy > H (M M) > I(M;My; X"Y™),
A=1Ry > (A= 1)H(My) > (A — 1)H(M,y|M,), and ne, > H(Z"|M;M,)
by Fano’s inequality; step (b) follows from breaking down conditional en-
tropies and mutual informations to entropies; step (c) follows from the inden-
tity H(X"Y "M M) = H(Z"X"Y"MMy) = H(Z"Y"M,My,); step (d) is try-
ing to get rid of M, by chain rules and uses the fact that [(Z"; Y™ M, M) =
H(Z" M, My) + H(Y" M, My) — H(Z"Y" M, M) — H(M, Ms,); step (e) is dropping
the nonnegative terms H(Ms| M, Z™) and I(Z™; Y| M;M,) (dropping this mutual
information is not really a loss since it’s upper bounded by H(Z"|M;M,), which
is upper bounded by ne,); step (f) is using the definitions of conditional entropies;
while the last step (h) can be single-letterizied by using Lemma [3.1]

The other lower bound in the Theorem [B.4] follows in a similar manner. O

Remark 3.2. From section the equivalence characterization of upper concave
envelopes (|1.15)) we can see that

min  AH(Z|U) — H(Y|U)

U—=X—=Y
= — (ULHJ?EY HY|U) - /\H(Z|U)>
— e, [H(Y) — H(Z)](py).

Hence the lower bound in Theorem [3.4] can be written as

Ry + ARy > H(XY> - Q:qx[HQ/) - )‘H(Z)H

pPx

ARy + Ry > H(XY) — €, [H(X) — \H(Z)]| (3.1)

Py
for any A\ > 1.

The following lemma exhibits two conditions under which the lower bound is

tight. A similar statement also holds when the roles of X and Y are interchanged.



3.2. MAIN RESULTS ON KORNER AND MARTON’S MODULO TWO SUM PROBLEM45

Lemma 3.2. The lower bound for the weighted sum-rate Ry + ARy, for A > 1
giwen in Theorem[3.4] is optimal, i.e. matches the weighted sum-rate of the optimal

rate region, if either of the following conditions hold:
() Cu[H(Y) = AH(2))| = H(Y) = AH(Z) and Y L Z,
(i1) € [H(Y) — )\H(Z)pr =HY|X)—-\H(Z|X).

Further if condition holds for some Ay > 1, then it will also hold for 1 < X\ <
A1; and if condition holds for some Ay > 1, then it will also hold for A > Xs.

Remark 3.3. A relatively easier condition to verify is the following: For a fixed
py|x (and hence pyx), if H(Y) — AH(Z) is concave in the distribution of X, ¢x,
then condition () above holds. On the other hand if H(Y) — AH(Z) is convex in
the distribution of X, ¢x, then condition above holds.

Proof. If condition ({ij) holds: we have from ({3.1]

Ri+ ARy > H(XY) — H(Y) + \H(Z)
=H(X|Y)+ \H(Z)
=N+ 1)H(2)
where the last equality uses H(X|Y) = H(Z|Y) = H(Z). Note that R; =
H(Z), Ry = H(Z) belongs to the Kérner-Marton achievable region, thus showing

the achievability of this optimal weighted sum-rate using linear codes.

If condition holds: we have from (3.1

Ry + ARy > H(XY) — HY|X) + AH(Z|X)
= H(X) + \H(Y|X).

Note that Ry = H(X), Ry = H(Y|X) belongs to the Slepian-Wolf achievable
region, thus showing the achievability of this optimal weighted sum-rate using
random binning.

To show the second part, note that condition (jil) is equivalent to
HY|U)=-AH(Z|U) < H(Y)—-XH(Z)VU — X —Y.
Hence if condition holds for some A; then for 1 < A < A\, we have

H(Y|U) = AH(Z|U)
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= H(Y|U) = MH(Z|U) + (\ — N H(Z|U)
<SHY) = MH(Z) + (M = NH(Z)
— H(Y) — \H(Z).

Similarly, note that condition ({ii]) is equivalent to
HY|U)=-AH(Z|U) < HY|X)—- A H(Z|X) VU - X —Y.
Hence if condition holds for some Ay then for A > Ay, we have
HY|U) - AH(Z|U)
= H(Y|U) = MH(Z|U) — (A= A)H(Z|U)
< HYI|X) = MH(Z|X) — (A= )H(Z|X)
=HYI|X)—- ) H(Z|X),

where we have used U — X — Z being Markov in the last inequality, apart from
that condition holds for A,. O

Remark 3.4. The conditions for optimality in the lemma is reminiscent of the

essentially less noisy condition for broadcast channel in [42].

Corollary 3.1. The Slepian- Wolf rate region is optimal for the modulo-sum prob-
lem if € [H(Y) — H(Z)]| = H(Y|X) — H(Z|X) = 0. Similarly, it is optimal
if € [H(X) — H(Z)|, = H(X|Y) - H(Z|]Y) = 0.

Proof. It €, [H(Y) — H<Z)H
tion that

= H(Y[X) - H(Z|X), then we have from Equa-

p

Ry + Ry > H(XY).

The constraints By > H(X|Y) and Ry > H(Y|X) follow from Theorem [3.3] The

other condition follows similarly. O

3.2.1 Application to binary alphabets

In this section we will study distributions over pairs of binary alphabets and
determine conditions under which one of the conditions in Lemma [3.2] hold. We
will see that we can recover all the previously determined cases as well as recover

new distributions from the results listed below.
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Notation: We will parameterize the space of distributions over pairs of binary
alphabets, pxy as follows: Px(X = 0) = 2,Pyx(Y = 0|X =0) = ¢, Py x(Y =
11X =1)=d.

Proposition 3.1. The optimal weighted sum-rate of the optimal rate region is

given by the Slepian Wolf region if any of the following conditions hold:
(1) For any A, if (c—3)(d—3) <0, or
_a\? 1 1
(2) A> (Td) cd, and (c— 1)(d—1) > 0.
where d =1 — d.

Proof. If condition holds: then it suffices to show by Corollary that
H(Y)—H(Z) is convex in ¢x, which will then imply that &, [H(Y)—H(Z)] ‘px =
H(Y|X)— H(Z|X). Denoting ¢(X = 0) = u, we need to show that

g(u) := Hy(uc + ud) — Hy(uc + id)
is convex in u, when (c—3)(d—3) < 0. Here Hy(z) = —xlog, 2—(1—x)log,(1—x)
denotes the binary entropy function. Elementary calculations show that g(u) is
convex for u € [0,1] if and only if (¢ — 3)(d — 3) < 0.
If condition holds: then it suffices to show by Lemma that for \y =
N2
(%)  we have €, [H(Y) = MH(Z)]|, = H(Y|X) = AH(Z|X). As before it

suffices to show that

g(u) := Ho(uc + ud) — Ao Hs(uc + ud)
is convex in u. This is again verifiable by elementary calculations. O]
Remark 3.5. The following points are worth noting:

(7) The condition above is already known and stated as exercise 16.23 page
390 of Csiszar and Korner’s book [20]. One can verify that H(Z) > H(Y)

is equivalent to (¢ — 1)(d — 3) <O0.

(17) Note that an equivalent proposition can also be stated for the alternate

parameterization: P(Y =0) =y, P(X =0]Y =0) =¢,P(X =1]Y =1) =

d.
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The next proposition determines conditions under which the optimal weighted
sum-rate is given by the Korner-Marton region, i.e. satisfy the first constraint of
Lemma [3.2] Continuing with the same notation P(X = 0) = 2, P(Y = 0|X =
0) =¢,P(Y =1|X = 1) = d, since we require Y to be independent of ¢, we need

- _ _ Vdd
to restrict to x = Vi
Proposition 3.2. Let P(X =0) =2, P(Y =0(X =0)=c,P(Y =1 X =1)=d
_ _ Vdd , , . S
where x = N The optimal weighted sum-rate of the optimal rate region is

given by the Korner-Marton region, i.e. using linear codes, if any of the following

conditions hold:
(A) For any A, if c =d, or

(B) 1< A< AN c#d, and (¢ —3)(d—3) > 0, where Ay is the larger root of the
quadratic equation

N(c—d)? + M2(c—d)(c — d) — 4dd(c — €)*) + (c — d)* = 0.

whered=1—d,e=1—c.

Proof. If condition in Proposition holds: then Z is independent of X and
H(Y)— AH(Z) is concave in gy, therefore

Co[H(Y) = H(Z))|, = H(Y)—\H(Z).

9x P

Therefore Condition (i) in Lemma|3.2| (see (3.1))) is satisfied and we are done. Note
that this is precisely the DSBS source whose capacity region was established by
Ko6rner and Marton in [33].

If condition in Proposition holds: define

g(u) := Hy(uc + ud) — A\ Ha(uc + ud)
where \; is the larger root of the quadratic equation
A(c—d)? + M2(c— d)(c — d) — 4dd(c — €)*) + (c — d)*> = 0.

Then elementary calculations can be used to verify that g(u) is concave for u €

[0, 1] and hence

C [HY) = AH(Z))| =H(Y)—-XH(Z).

pPx

As before Condition () in Lemma [3.2] (see (3.1)) is satisfied and we are done. [
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Remark 3.6. The following points are worth noting:

(i) Aslongas, (c—1)(d—3) > 0, we can see that A; > 1, and hence the optimal

sum-rate, will be given by the Korner-Marton region, i.e. using linear codes.

Vdd
Vdd++/ce

Marton are optimal for some larger class of parameters.

Note that we still need x = Thus linear coding strategy of Korner-

(17) As before, an equivalent Proposition can also be stated for the alternate

parameterization: P(Y =0) =y, P(X =0]Y =0) =¢P(X =1]Y =1) =

d.

3.2.2 Comparison of the bounds

In [2] Ahlswede and Han chose the following pyy given by

pxv(0,0) pxy(0,1) 0.003920 0.019920

Pxy = =
PXY(LO) pxy(l,l) 0.976080 0.000080

where row index is € {0,1}, column index is y € {0,1}, to show that their
achievable rate region performs strictly better than both Koérner and Marton’s
rate region and Slepian and Wolf’s rate region. It turns out that for this distribu-
tion Y is indeed independent of Z. Therefore from Remark we already know

that the optimal sum-rate is given by the Kérner-Marton linear coding region.

Figure [3.1] plots Ahlswede-Han’s rate region, the lower bound from Theorem
.4 and the cut-set lower bound for the above example.

As one can see readily and as established in Proposition[3.2], the lower bound in
Theorem [3.4] yields the optimal sum-rate of 2H (Z) for this example. By numerical
simulations: the largest A for which the hyperplane of the lower bound passes
through the (H(Z), H(Z)) point is A} = 5.253 (matches, curiously, the sufficient
condition established in Proposition 3.2)), while that for the Ahlswede-Han region
is )\J{ = 5.338. Then the largest A for which the hyperplane of the lower bound
passes through the (H(X), H(Y|X)) point is A5 = 25.844 (matches the sufficient
condition established in Proposition , while, by numerical simulations, that
for the Ahlswede-Han region is A} = 6.620.
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1072
41 | (H(Z),H(Z))|—— Ahlswede-Han region
‘ Lower bound (Theorem 4)
3.5
Cutset lower bound
3 1
o
~
2.5 1
2 1
L5 1 ‘ (H(X), H(Y|X))
6-10"2 0.1 0.14 0.18
Ry

Figure 3.1: Comparison of Ahlswede-Han region and our lower bound

3.2.3 Application to higher alphabet fields

The modulo-sum problem for binary alphabets has a peculiar structure that was
exploited in the Exercise 16.23 of [20]. If H(Z) > H(Y), then Pyx was a
stochastic degradation of py|x, and the reverse held if H(Y) > H(Z). In general
we know that for higher alphabets the above dichotomy does not hold. Hence
Lemma establishes that a better comparision between the channels pzx and
py|x for obtaining the optimal weighted sum-rate is related to (essentially) less
noisy comparison.

Below we provide two examples in GF'(3) for which the results in Lemma
yield optimality. Here Z = (X +Y) mod 2 in GF(3).

For GF(3), one instance of pyy satisfying that Z is independent of Y and

Cou [HY) — H(Z)] }px = H(Y)— H(Z) is given by the following distribution:

q9x

0.08 0.06 0.18
pxy = |0.08 0.18 0.06
0.24 0.06 0.06

where row index is = € {0, 1,2}, column index is y € {0, 1, 2}.
One can check that for this joint distribution pxy, P(Y) = [0.4 0.3 0.3],
P(Z)=10.2 0.2 0.6], so Z is independent of Y.

Besides, one could construct a auxiliary Z such that X — Y — Z and
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Pzx = Pz|X, by the following choice of Py

. 1 . 1 . 3
P(Z=0Y =0)=¢ P(Z=1Y =0)=¢ P(Z=2]Y =0)=]
N 1 N 1 - 1
P(Z=0Y =1)=2 P(Z=1Y =1) = P(Z=2Y =1)=
. 1 . 1 . 1
P(Z=0Y =2 =3 P(Z=1Y =)= P(Z=2Y =2) =

XY Z gives that

LU;Y) > I(U; Z) Y pux
>

(Y|U) = H(Z|U) ¥V pyix

Why)-H(Z

v

H
HY|U) = H(Z|U) ¥ puix
<,

m
\%

U;
SH(Y) - H(Z)
)
)

BHY)-H(Z

The last step (a) follows from Pzx = Pz|x. Step (b) follows from the equivalent

definition (L.15)) of upper concave envelope in [1.2.3|
So when py|x is fixed by this joint distribution pxy, f(¢x) = H(Y)—-H(Z) =

x [H(Y) = H(Z)]

H(Y) — H(Z) is concave with respect to ¢x.
Thus the first constraint of Lemma is satisfied for A = 1, and thus
Korner-Marton rate region is sum rate optimal.

And another instance of pyxy satisfying €, [H(Y) — H(Z)]| = H(Y|X) -

pPx

H(Z|X) is given by the following distribution:

0.02 0.02 048
pxy = [0.02 0.06 0.16
0.06 0.02 0.16
where row index is z € {0, 1,2}, column index is y € {0, 1, 2}.
Similar to above, one could construct a auxiliary Y such that X — Z — Y

and Pyix = PYIX, by the following choice of Pyzt

R N N 4
PY=0/=0=— PY=1Z=0)=— PY=2/7=0)=
(V=0Z2=0)=r PV =1Z=0)=2 PV =22=0)=
. . 1 N 4
. 1 - 1 - 20
PY=0Z=2=— PY=1Z=2)=— PY=2Z=2)=—
(Y =0z=2)=— PV =12=2)=— PV =22=2)=3

So when pzx is fixed by this joint distribution pxy, one can verify that
flgx) = H(Y) — H(Z) = H(Y) — H(Z) is convex with respect to gx. So the
second constraint of Lemma is satisfied for A = 1, thus Slepian-Wolf rate

region is sum rate optimal.
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3.3 Alternate Proof to Quadratic Gaussian CEO Problem

zZi
Y M; € [1:2nR
: Encoder 1: fl(”) el )
X" Decoder: ¢ —— (X", D)
Encoder 2: f(n)
Yy n 72 M € [1:2712)
Zy

Figure 3.2: Quadratic Guassian CEO distributed source coding

The CEO problem was first introduced by Berger, Zhang, and Viswanathan
[10]. The setting for quadratic Gaussian CEO distributed source coding is
depicted in figure Let X be some source generating a i.i.d. sequence
of random variables X; ~ N(0, P), denoted as WGN(P). The encoder 1 ob-
serves Y1 = X + Z; where Z; is some additive Gaussian noise WGN(V;) and
maps it to M; € [1 : 2"%) by encoding function fl(n), the encoder 2 observes
Yo = X + Z5 where Z, is some additive Gaussian noise WGN(NV;) and maps it
to My € [1 : 2] by encoding function f2(n). The decoder uses some decoding
function ¢ to construct some X™ from (M, Ms).

Similar to the communication problems in introduction chapter, one could
define a (n, Ry, Rs) code C := ( l(n), 2(n) g™) for Quadratic Guassian CEO dis-
tributed source coding. A rate-distortion triple (Ry, Ry, D) is said to be achievable
if there exists a sequence of codes C,, such that

s (u-x) | <o

=1

limsup £

n—oo

And the rate-distortion region Zcro(D) is defined as the closure of the set of all
achievable rate pairs (R, Ry) such that (R, Ry, D) is achievable.
Oohama [50] proved the following single-letter characterization for Zcgo(D),

see Chapter 12 in [21]:
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Theorem 3.5. Consider the quadratic Guassian CEO distributed source coding
P P P
on X, Y1,Ys satisfying that Pxy,y, ~ N 6, P P+ N P , the rate-

P P P+ N,
distortion region Zopo(D) is the set of rate pairs (Ry, Rg) such that

Ri>rit o1 ! 1+1_272T2 h
_O _ E— e —
A A WAV N,

P> +11 1 1+1—2—2r1 -1
=T\ pp N,

1 P
R1+R2 ZT1+T2+§1Og+(B>

for some 1,79 > 0 that satisfy the condition

1 1—272 1272\
D> (= .
> (p+ i )

Here 3 log, (z) = 3 max{logz,0}.

The achievablity of above Zcgpo(D) can be proven by using the Berger-Tung
coding scheme, see [9,[51,/57]. One can check chapter 12 in [21] for details. The
converse proof employs the Entropy Power Inequality (EPI), see Oohama [50].
There is also a proof of the sum rate optimality, see |63], for the Gaussian CEO
problem without using EPI by exploiting the semidefinite partial order of the
distortion covariance matrices associated with the minimum mean squared error
(MMSE) estimation and the so-called reduced optimal linear estimation.

Notice that when D > P, the decoder could choose the mean of X, 0, as the
estimate X, in this case Ry, Ry can be set to 0. So the interesting case is when
D < P.

With the re-parameterization Nj = %,j = 1,2 and A > 1, Zcro(D)
can be equivalently written in terms of weighted sum rate. And here we will
present an alternate proof for the converse of the weighted sum rate of Zcgo (D),
Theorem [3.60l The main idea is to derive weighted sum rate lower bounds in
Theorem [3.7, and then evaluate the weighted sum rate lower bounds using the
rotation techniques in [26].

One should notice that the weighted sum rate lower bound derived here is
in a similar spirit as the improved lower bound for multiterminal source coding

in [61], in terms of the identification of auxiliary random variables. However, to
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the best knowledge of the authors, applying rotation techinques to

of these lower bounds should be new.

Theorem 3.6. For 0 < D < P and A > 1, any rate pairs (Ry, Ry
must satisfy that

CHAPTER 3. LOWER BOUNDS ON DISTRIBUTED SOURCE CODING

the evaluation

) mn %C’EO<D>

. 1. P N+N, A No+ Ny
R+ ARy > min —lo + = lo — + —log ———=
1 2 2 R 5 g5 D 9 g N1 9 g ]
%S%—’_er‘rﬁl N2<1H\72
A—1 P(N; + N
" log., (N1 + Ny)
2 (P+ N, + N,)D (3.2)
1. P No+No AN N +N,
ARy + Ry > min —log — + logg —1lo g#
N1,N2>0: 2 D 2 2 1
%S%—FML\H N241-N2
A—1 P(N, + N.
+ log , (N2 ~2)
2 (P + N2+ Na)D

3.3.1 Weighted Sum Rate Lower Bounds

Here we state a weighted sum rate lower bounds for a generalized CEO distributed

source coding setting depicted in Figure [3.3]

yn M €[1: 20
Channel 1: W} . Encoder 1: fl(n) Lel )
) . p(n)
Channel 2: Wy vy Encoder 2: f, Mo € [1:27F2)

Figure 3.3: generalized CEO distributed source coding

Theorem 3.7. Consider the generalized CEQO distributed source coding on

X, Y1,Ys satisfying that X is some source, Y7 and Yy are obtai

X through some discrete memoryless channel Wy and Wy respectively.

tortion criterion is given by

limsup E

n—oo

(% z": d(Xi, Xz)) <D.

ned by passing
The dis-
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For any A\ > 1, any achievable rate-distortion triple (Ry, Re, D) must satisfy that
Ry + ARy >H(XY1) + AH(Y3|X) + (A — 1) max {H(X|U1WQ) ~ HX|XQ), o}
— H(X|XQ) + H(X|U:WQ) — H(XV1|U:WQ)
+ AH (XU W Q) — NH(XY32| Uy W Q)
Ry + ARy >H(XY3) + AH(Y1|X) + (A — 1) max {H(X\UQWQ) ~H(X|XQ), o}
— H(X|XQ) + H(X|U,WQ) — H(XY5|U,W Q)
+ A AH(X|UWQ) — AH(XY,|U;WQ)
subject to the constraints
U+ QWY + QWX — QWY, — U,
QW L X1Y;
X « QWU U, — XY1Ys
Eld(X,X)] < D.
Proof. Observe that for any code C for generalized CEQO distributed source coding
problem, we have the long Markov chain M; < Y" <= X" — YJ' — M.

For any sequence of codes C,, that achieves the rate pairs (R, Ry) for gener-

alized CEO distributed source coding, when A > 1, we have

9 (M3 V) + M (M Y X | My) + NH (X" M, M)

—~

—

DH(YP) — HOYP|My) + AH (Y [MX") = NH(V7 | ML X") + NH(X"[My)

DH(YP) + MH(X"M,) — H(Y]'|M,) + — NH (Y3 | Mo X™)
DH (V) + AL — H(Y'M,) + — AHLXBA]

— NH (XY M) + AH (X ™| M)

CH(YY) - H(Y{'|M) + + — AH(X"Y;'|My) + \H(X"|Ms)

~

DH(Y?) + AH (Y |X") + HX"|Y?) + (A — 1) H(X"|M))

+ H(X"|My) — H(X"Y]'| M) + AH(X"| My) — AH(X"Y3| My)

EnH(XY1) + MnH (Y X) + (A = DHX|M) + Y [HOGMX )
=1
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—H(X Y[ My XYY 437 [NH(XG My XYY = AH (XY | Mp XY )]
i=1

(3.5)

Step (a) is due to My — Y3"M; — X™; step (b) is applying chain rules on the blue
term A\ (Mo; Y3 | M7 X™); step (c) is applying chain rules on the two underlined
terms [(My;Y]") and A (Msy; Y3'| M1 X™); step (d) uses My — My X™ — Y3'; step
(e) is canceling AH (X™|M;) and using chain rule on the red terms NH (Y3 | M2 X™);
step (f) is using chain rule on the orange term AH (Y;*X™|M;); step (g) is using
chain rule to break the wavy-underlined term H(Y7*|M;) by chain rules; step (h)
follows from applying the well-known Korner Marton identity (see Lemma

twice on the two purple terms.

Here the term H(X"|M;Ms;) can be single-letterized in the following ways:

H(X"|M M) = H(X"|X"M; M) <)~ H(Xi|X))

i=1
Observe that left-hand side (3.4) has AH(X"|M;M;), and right-hand side

(3.5) has (A — 1)H(X™|M;), and XA > 1. There are two ways to lower bound the
difference (A — 1) [H(X"|M;) — H(X™|M;M,)]:

H(X"|My) — H(X"|M M) > max {0, ZH(XJMan/in_I) - ZH(XJXZ)}
=1 i—1

Thus above weighted sum rate can be rewritten as

nRy + AnRy >nH(XYy) + AnH(Y2|X) = > H(X;| X, X"/")

=1

+ (A — 1) max {o, i H(X;| M, X"yi=1) — Xn: H(X,-|Xi)}

i=1 i=1
+ > H(X | MXM YY) = H(XG Y My X Y
i=1
+ NH (X Mo XYY — NH (X, Yo | My XYY
Similarly, by considering nRs + AnR;, one could get

nRy+ AnRy >nH(XY,) + AnH(V1|X) = > H(X;|X;)
i=1

+ (A — 1) max {o, zn: H(X;| M, Xy~ — En: H(X,-|Xi)}

i=1 i=1
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i=1

+ NH (X My XY = NH (XY [ My XY

Identify auxiliary random varibles as W; = X™"° Uy, = MY ' Uy =
MY, And let @ be the uniform distribution over i = 1,--- ,n. the weighted

sum rate satisfies that
Ry + AR, >H(XY1) + MH (Y| X) — H(X|XQ)
+ (A — 1) max {07 H(X|U,WQ) — H(X|XQ)}
+ HX|UWQ) — HXY | UWQ) + \H(X|U; W Q) — AH(XY2|UWQ)
Ry + ARy >H(XY5) + MH(Y1|X) — H(X|XQ)
+ (A — 1) max {o, H(X|U,WQ) — H(X|XQ)}
+ H(X|UWQ) — HXY,|UWQ) + AH(X|U1WWQ) — AH(XY|UiWQ)
And for this set of auxiliary random variables, one can verify the constraints
holds:
Ul < QWY + QWX — QWY, — U,
QW L XVY;
X < QWU U, — XY1Ys
Eld(X,X)] < D.

]

Lemma 3.3 (Korner Marton identity, (4.14) in [34].). For any tuple of random
variables (U, Y™, Z™) the following equality holds:

HY'U) — H(Z'|U) = Y HY|UY™' Z3,) - HZUY' 20,)
=1

3.3.2 Optimality of Achievable Weighted Sum Rate

In this section, we will use the weighted sum rate lower bounds derived in Theo-

rem [3.7] to prove Theorem [3.6

Proof. For quadratic Gaussian CEQO distributed source coding, the quadratic dis-
tortion measure is d(z,%) = (r — 2)2. The weighted sum rate lower bounds in

above Theorem [3.7 can be further simplified.
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Observe that the quadratic distortion measure impose an upper bound on the

term H(X|XQ).
H(X|XQ) <H(X - X|Q)

—H(X - X)

@1 S

<5 log 2me E ((X ~X) )

1

< 2 log 2we D
where step (a) is from Gaussian maximizes the differential entropy under variance
constraint. So we can replace H(X|XQ) with +log2meD in the weighted sum

rate lower bounds in Theorem [3.71

On the other hand, the Markov chain X «— QWU Us — XY;Y; in constraints
(3.3)) implies that

H(X|U,U,QW) < H(X|XQ)
So we have

1
H(X|U,U,QW) < 5 log 2meD.

So the constraints (3.3]) can be relaxed to

1
H(X|U1U2QW) S §log27reD
U+ QWY + QWX — QWY, — Uy

QW L XY1Ys.

Write Q = QW , the weighted sum rate lower bounds in above Theorem
can be simplified to be

1
Ry + ARy >H(XY1) + AH (Y| X) + (A — 1) max {H(X]UIQ) — §log27reD,0}
1
- §log27reD + H(X[U1Q) — H(XY1|U:Q) + AH (X[U>Q) — AH (XY2|U2Q)
Ro + AR, >H(XY,) + AH(Y;|X) + (A — 1) max {o, H(X|U:Q) — %log 27reD}

~ S log2reD + H(X|UQ) — H(XY:{U:Q) + AH(X|U1Q) ~ NH(XVi[T1Q)
(3.6)
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subject to the constraints:

1
H(X|U,U,Q) < §log27reD

Uy + QY, + QX — QYy — Us (3.7)
QL XY1Ys

Above constraint implies that the distribution pou, v, xv;v, can be explicitly
written in the form of py,Qv, PusjQY2PQ-
The weighted sum rate lower bounds in Equation (3.6) can be written as a

infmax problem.

Ri+ ARy >  inf  H(XY))+ AH(Y3|X)

PuilQY1PUs QYL PQ

1 1
+ (A — 1) max {H(X|U1Q) —3 log 2meD, 0} - §log 2meD

+ H(X|U,Q) — H(XY1|U1Q) + AH (X|U2Q) — ANH(XY3|U5Q)

@ inf max 1log 2me PNy + é log Ny — M log 2me D
PUL1QY; PU, QYL PQ a€[0,1] 2 2
+ (A =1Da+1) HX|U:Q) — H(XY1|U1Q)
+ AH(X|U2Q) — AH(XY>|U2Q)

(i) [ } %log 2mePNy + %log Ny — M log 2me D

+ inf (A= 1)a+1) HX|U,Q) — H(XY:|U;Q)

Pu, QY1 PUZ QY2 PQ
+ AH (X[U2Q) — AH (X Y2|UQ)
Ry + ARy > inf H(XY3) 4+ AH(Y1|X)

Pu1|1QY1PU2|1QY2PQ

1 1
+ (A — 1) max {0,H(X|U2Q) — §log 27reD} — Elog 2reD

+ H(X[U>Q) — H(XY2|U>Q) + AH (X|U1Q) — AH (XY1|U1Q)

(@) a(A—1)+1

1 A
= inf max —log2mePNy; + —log Ny —
PUL|QY; PU2|QY2PQ a€[0,1] 2

log 2meD
+ (A= 1Da+1) HX[U:Q) — H(XY2[U2Q)
+\H

®)
= max
a€[0,1]

+ inf (A= Da+ 1) HX|U,Q) — H(XY|U:Q)

Pu1|QY1PU2|QY2PQ

+ M (X[U1Q) — AH(XY1|U1Q)

—~

X|U,Q) — \H(XY1|U,Q)

—~

a(A—1) +1

A
log 2me PNy + — log Ny — log 2we D

L\DI»—t
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where pr, jovi P jvaPo satisfies the constraint (3.7)).

Step  (a) comes from  max{H(X|U,Q)— 3log2meD,0} =
maxaejo,) H (X|U1Q) — §log2meD. Step (b) comes from exchanging inf
and max by Theorem 5 in Appendix of [24].

Thus to evaluate above weighted sum rate lower bounds, suffices to compute
the following functional

inf cH(X|U1Q) — HXY|[U1Q) + AH(X|U2Q) — AH (XY>|U2Q)

PUL QY1 PUL QY2 PQ
(3.8)
where py,|Qv, Pus|Qv,Po satisfies the constraints and Kk > 1,A > 1,
Lemma shows that the infimum of is attained by Q = () and U; =
Yi+ U, U0 LY, U ~ N(0,Ny), Uy = Yy + Uy, Uy L Yo, Uy ~ N(0, Ny) subject to
the constraints .

Thus the weighted sum rate can be written

1 A
R; + ARy > max min —log2me PN, 4+ — log N,
a€l0,1] N1,N2>0: 2 2
%§%+N1j—1\~71+N241—N2
A—1)+1 1 P(N; + N
_a=b+l log2meD + (A — 1)a+ 1) = log 27re(1—+1~)
2 2 P+ N +N;
1 PN, N A P(N, + N. A PN, N.
— —log ore— 1 4 2 log 271'6(2——’_2) — —log Ire——2 2
2 P+N,+N, 2 P+N,+N, 2 P+ Ny + N,
1 A
Rs + AR; > max min —log2me PNy 4+ — log Ny
a€l0,1] N1,N2>0: 2 2
%S%—FM}FN& +m
A—1)+1 A—1 1 P(Ny + N.
A= DAL orepp DT DAL o L2+ Vo)
2 2 P+ Ny + Ny
1 PN,N. A P(N; + N A PN, N
— —log ome——22 4~ log 2776(1——i_1~) — —log ore—— 1
2 P+ Ny+ Ny, 2 P+N +N 2 P+ N+ N,

For this, again by Theorem 5 in Appendix of [24], we could exchange max and

min here. Then we will reach the weighted sum rate Equation (3.2)).

P P P
Lemma 3.4. Given Pxy,y, ~ N 0,|p P+ N, P , forany kA > 1,
P P P+ N,

inf cH(X|U1Q) — HXY1[U1Q) + AH (X|U2Q) — AH (XY5|U2Q)

Pu,|QY1PU4|QYLPQ



3.3. ALTERNATE PROOF TO QUADRATIC GAUSSIAN CEO PROBLEM 61

subject to the constraints is attained by Q = 0 and Uy = Y; + Ul,Ul 1
Yy, Uy ~ N(0,Ny), Uy = Yo + Uy, Uy L Y5, Uy ~ N(0,Ny) subject to:

1
H(X|U1Uy) < §log 2meD (3.9)

Proof. This proof is essentially using the rotation trick in [26] with along some
perturbation ideas for establishing strict sub-additivity, see [27].
For any small enough £, 5 > 0, consider the following perturbed optimization

problem:
P P P

Given Pxy,y, ~ N 5, P P+ N P , for any k, A > 1, want to

P P P+ Ny
find the infimum of the following function:

O3 (P oy PalevaPq) =(k + £2) H(X|U1Q) — H(XY1|U1Q)
+ (A + 1) H(X|U2Q) — AH(XY5|U>Q)

subject to the constraints
1

From Lemma we could know that for 1,e9 > 0, infimum value of @i{/’f? is
attained by Q =@ and U; = Y1+ Uy, Uy L Y3, Uy ~ N(O,N1)7U2 =Yoo+ U, Us L
Ya, Uy ~ N(0, Ny) subject to the constraints

Use G to denote the set of py,gvi PrsjoyaPo satisfying @ = 0 and Uy = Y7 +
U, Uy LY1,U; ~ N(0,Ny), Uy = Ya + Us, Uy L Yy, Uy ~ N(0, N) subject to the
constraints 3.9

It remains to show that when €; = 5 = 0, the minimizing distribution of
@2’& is also attained by some distribution in G. This can be done by a continuity
argument.

For any e1,e2 > 0 close to 0, observe that for any distribution py, oy, Pv.|ovaPo

satisfying the constraints [3.10} we have

OV% =07 — e H(X|1hQ) — &2 H(X|U1Q)

€1+€2

2923\62 — log 2we P

so we have

. 0,0 . €1+ €2
inf 0.\ > min eI —
PUL QY1 PU2|QYRPQ PU1 QY1 PU5|QY2PQ

log 2we P
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Take 1,60 — 0, we get
. 0,0 . . : £1,€2
inf O, > liminf min 0.3
PU4|QY; PU5 QY PQ ’ €1,62—0 Py, QY PU, QYL PQ ’
On the other hand, when e;,e9 — 0, pick the minimizing distribu-

tion pf _, € G for ©]){* to construct a sequence so that ©.'7*(p: .,) —

€1,€2

11m1nf€1,82—>0 MMp; oy, Puy0vePQ Dk

Since G is compact, there exists some subsequence that will tend to some limit
p* € G. Since ©}'{* is continuous with respect to pu,|Qv, Prn|QvaP@, SO

0,0 . . )
O (p") = lim O7% (p%, .,) = liminf min Shs
’ e1,e2—0 7 ’ £1,62—=0 Puy Qv PUL QYL PQ ’

Therefore, p* € G attain the minimizing value of @2’8\ subject to the con-

straints (3.7)). O

Lemma 3.5. For 1,62 > 0, and k, A\ > 1, infimum of ©7'*

@2;\82 (pU1\QY1pU2\QY2pQ) :(K“ + E‘:2)[—](‘)(“]162) - H(XY”UlQ)
+ (A + &) H(X[U2Q) — AH (X Y2|U2Q)

subject to the constraints (3.10), is attained by Q = 0 and U, = Y] + U, U, L
Yy, U, ~ N(0, ]\71), U, = Y2+(~]2, U, | Y5, Uy ~ N(0, Ng) subject to the constraints
5.9

Proof. Since scaling Uy, Uy, @ doesn’t affect @Zf/’\” and the constraints , one
could truncate Uy, Uy, @ to some random variables with support on [0,1]. This
will give tightness of the joint distribution Pxy,v,v,1,¢. By routine arguments in
Appendix II of [26] one can show that there is a minimizer from the tightness of
the sequence of distributions.

€2

So we assume infimum of ©7'{” is attained by some minimizing distribution

p*Ul|QY1p*U2|QY2pZQ, and write the joint distribution of Uy, Us, X, Y7, Y5, @ by p*Ul\le
p;}QIQYQpaprlyQ. Take two i.i.d. copies of the joint distribution at the minimizer
and denote them using subscripts a, b respectively. Let (-), = % and (-)_ =
(')“%, where (+) can be replaced with X, Y7, Y.

Denote infimum of ©7'{* as V. We have, by the rotation trick in [26]:

2V =(k + e2) H( X0 Xp|U1.U16Qa@p) — H (X0 XpY1aY16|U1aU1pQu@p)
+ (A4 1) H(XoXp|UzaU2pQaQp) — ANH (X0 X Y24 Y25 | Uz U2 Qa @)
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=(k + £2) H( X4+ X_[U1aU1pQa@p) — H(X: X_Y1. Y1 [U1aU16Qu Q)
+ (A + &) H( X X [U2aUnpQa@p) — AH (X1 XY, Yo [UsaUnsQa Q)
=(k + €2) H(X 1 [U1.UnQo@p X ) + (K + €2) H(X_|[U1.U1nQa @Y1+ X 1)
+ (5 + e2) (X Y14 X [UraUneQa Q)
— H(X, Y14 |U1UnnQa@Qp X ) — H(X_Y1_|U1UnpQa@pY14+ X )
— I(X; X3 Y11 Ui UnnQa@s)
+ (A + ) H(X [UzaUnpQa@p X ) + (A + 1) H (X |U2aUnpQaQp Y21 X 1)
+ (A4 e) (X3 Yo X4 U2 UnpQa Q)
— AH (X3 Y4 [U2aUnpQa @b X ) — AH (X_Ya- [UzaU2pQa@pY24 X )
— M(X_; X1 Yo [Uo U Qu Q)
=(k + ) H(X  |U1.U1pQu@Q X ) — H(X Vi | U1 U Qa@Qp X )
+ (A + 1) H(X 4 U2 UnpQaQp X ) — AH (X3 Yo [Uno Uy Qa @b X )
+ A (X |U1U15Qa@pY11 X1 ) — H(X_Y1-|U1aU1nQa QY14+ X4 )
+ (A + ) H(X_|U2oUnpQaQpY2+ X ) — AH (XY |UsUnpQaQpYo+ X 1)

+ (k +e2 = DIX Y1 Xy U1 UnQa Q) + €11 (X Yoy Xy [UzaU2pQa Q)

Set Qo to be uniform binary random variable with support {0, 1}:

when Qp = 0 we set Q = (Qo, Qa, Qv, X_), Ur = (U1aUn), Uz = (UzaUs),
X=X, Y=Y, and Ys = Yy,

when Qo = 1 we set Q = (Qo,Qa,Qv, Xy), Uy = (U UnY1y), Uy =
(UsaUnYay), X = X_, Vi =Yi_ and Yy = Y;_.

In this way we construct a new joint distribution pap, g, xv,v,- Observe that
since Px,vi.ve, a0d Dx,v;,vy, are ii.d jointly Gaussian random variables, so are
PX.viiYe, and px_v,_v,_ . Thus ﬁXYle follows the same distribution as pxy,y,-

One could verify that this construction pyp, g, xv,y, 18 @ candidate satisfying
constraints 3.7

[(X;0105|Q)
:§I(X+; UraU1yUsaUap | Qo Qp X ) + %I(X_; UraUUzaUp Y11 Yoy [QaQp X )
Z%H(XJFX_\QGQZ,) — %H(X+X—|U1aU1bU2aU2anQb)
:% (H (X0 Xp|Qu Q) — H(XoXp|UraUsyUsa Uy Qu@s)]
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>11 P
Uy + QY + QX — QYs — Us

QL XYY,

This implies that this joint distribution ﬁQUIUﬂ X7,y, constructed above is a

feasible choice for the optimization problem inf 7', So we build

PUy QY1 PU2|QY2PQ

the following inequality

V =(k + ) HX|U1Q) — HXY|U1Q) + (A + &) H(X|U:Q) — NH (X Y5|UQ)

K+¢ey—1 €
TQI(X_; Vi X | U1aUinQaQs) + 511 (X5 Yo X |UzaUapQa Q)
K+ €9 — 1 &1
>V + TI(X—; Y1+X+’U1aUleaQb) + EI(X—; Y2+X+’U2aU2anQb)

(3.11)

Thus, the term [(X_; Y11 X, |U1.U15Q.Qs) in the right-hand side will
be forced to be 0 due to k + 5 > 1. It implies that given any value assignments
of U1,U1,Q.Qp, X is independent of X_. In the following we will argue that this
implies given any value assignments of Uy,U1,Q,Qp, Y1+ is independent of Y;_.

Notice that Y7 = X 4+ Z;, one can compute the linear MMSE estimate of X
given Y7, Y3 (see [21] Appendix B Minimum mean square error estimation), which
will gives

P

X —
P+ N

Yi+G

where G ~ N(0, PP+A]7\1[1) and is independent of Y;.
From the constraints 3.7, we have the Markov chain U; < QY; + X and
I(Q; XY1Ys) = 0, which leads to I(QUy; X|Y;) = 0, ie., QU3 — Y7 — X. In
other words, we have QU; — Y; — G.
Thus, we know G is independent of QU;Y;. So for the two letter copies of
the minimizer, we have Gy, and Gy, are both Gaussians, G, L Gy, and they are

independent of Qaa Qb; Ulaa U1b7 }/lcm )/lb'

For the rotated version, we could write

P
X, = Y] G
“TPIN, 1+ + Gy
P
X = Yio + G-

P+ N
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where G, and G_ are both Gaussians, G, 1 G_ and they are independent of
Qa: @, Ura, Utp, Y1, Yo

So we could apply the Proposition 2 in [26]. Treat Y}, and Y;_ as the ”channel
input”, and treat X, and X_ as the ”"channel output”, one can conclude that
given any value assignments of U;,U1,Q0,Qp, Y1+ is independent of Y;_.

By applying Corollary 3 in [26], this implies that at the minimizing distribution
p*Ul|QY1p*U2|QY2p*Q, conditioned on U;(Q), Y; is Gaussian and that the conditional
variance is invariant over choices of U;(Q).

Similarly, e, > 0 will force I(X_; Yo, X |2,U2QuQp) = 0, similarly we could
argue that the minimizing distribution PinioviPisiovaP6 satisfies that conditioned
on U@, Y5 is Gaussian and the conditional covariance is independent of Us@.

So the minimizing distribution P 10vi Pl Qv PO satisfies that:

Y1 — EV1|U,Q] ~ N(0, Ky), where Ky > 0,K; L U,Q

(3.12)
Yo — E[}/Q|U2Q] ~ N(O, KQ), where Ky > O, Ky L UQQ

Denote U] := E[Y;|U,Q], U} := E[Y5|U,Q]. We can show that the minimizing

€2

value of @2/’\ is attained by p* which also satisfies the constraints

UjU2T|XY1Y2Qp22’
by Lemma , and thereby can be rewritten in the form of p*U1T| ov: pZ§| oY, Po-
The proof is natural but messy, so we put it in the appendix of this chapter.

Conditioned on @, notice that Y; ~ N(0, P + Ny) and Y; — U] ~ N(0, Ky),
SO U{r ~ N(0,P + N; — K7). On the other hand, Y; — U{r, UlT are independent,
thus Y7 — UlT , UlT are jointly Gaussian with mean zeros, so are Y; and U{r . What'’s
more, the covariance matrix of Yl,UlT are PrM-k P+i-k and

P+ N — K, P+ N

independent of (). Similarly, one could argue that Ug and Y5 are jointly Gaussian
with mean zeros, and covariance matrix independent of Q).

Since conditioned on ) we have the Markov chain UlT —YV1+X->Y— UQJr
, and pxyivy|Qs Py,utjo; and Py,ufjq are all joint Gaussian distributions with mean
zeros and covariance matrices independent of (). Thus at the minimizing distri-

bution p* U{r , U;r , Y1, Y5, X are jointly Gaussian and independent

* *
vflovPufievP@
of Q. So to attain the minimizing value of @25\52, @ could be set to constant.

Since scaling U{, UJ doesn’t affect the functional ©,/5* and the constraint, we
could choose Uy =Y, + U1, Uy L Y;,U; ~ N(O,Nl),UQ =Y+ Us,Us L Ya,Uy ~

N(0, N,), as long as constraints are satisfied. ]
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3.4 Alternate Proof to Quadratic Gaussian Distributed

Source Coding

n n My € [1:2nF1 -

Yy Encoder 1: f1( ) el : (Y, Dy)
Decoder: ¢(™

Y Encoder 2: fz(n) Mo € [1:2nE) (ana Do)

Figure 3.4: Quadratic Gaussian Distributed Source Coding

THe quadratic Gaussian distributed source coding was studied by Oohama
in [49]. The setting for quadratic Gaussian distributed source coding is depicted
in Figure 3.4k Let (Y1,Y2) be a 2-DMS generating i.i.d. sequences of random
variables (Y;,Ys;) ~ N 0, ! f . The encoder 1 observes Y] and maps it to

p
M, € [1: 2"%) by encoding function fl("), the encoder 2 observes Y," and maps
it to M, € [1: 2"%2) by encoding function fg("). The decoder use some decoding
function ¢ to construct some Y7 and Y3 from (M, Ms).

Similar to the communication problems in introduction chapter, one could
define a (n, Ry, Ry) code C := (£, i ¢™) for Quadratic Guassian CEO dis-
tributed source coding. A rate-distortion triple (Ry, Ry, D1, Ds) is said to be
achievable if there exists a sequence of codes C,, such that

o o
I E|= (Yi—YZ) <D
nsup n; 1 1 S Dy

n—o0

o S
limsup £ | — Z (Ym — Y2@> <D,
n—00 _TL i1

And the rate-distortion region Zgps(D1, D2) is defined as the closure of the set

of all achievable rate pairs (R;, R2) such that (Ry, Re, Dy, Ds) is achievable.
Observe that when p = 0, Y* L YJ', the problem will be reduced to two

separate lossy source coding on two independent Gaussian sources. When p =1,

Y" = Y;", the problem is reduced to one lossy source coding on one Gaussian
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source. So the interesting case is that 1 > p > 0, since if p < 0, we could flip Y;"
to —=Y|" and do the compression.
Besides, by symmetry of Y7, Y5, one could assume that D; < Dy, and we can
assume that D < 1. Since if Dy > 1, Dy > 1, one could pick 0 for Y, and Ys.
Wagner, Tavildar, and Viswanath in [62] proved the following single-letter
characterization of Zgps(D1, Ds):

Theorem 3.8. Consider the quadratic Gaussian distributed source coding on

S |1
2-DMS (Y1,Ys) satisfying that py,y, ~ N |0, P
p 1

Hops(D1, D) is the set of rate pairs (Ry, Ry) such that

, the rate-distortion

1 L —p* + p?27200
R >-1
1= 08+ D,
1 1— 102 +p22—2R1
Ry >—1
225 08t D,
1—p? —i-\/l— )2+ 4p?D1 Dy

1
Ry + Ry >-1
L 25 gy 2D1D2

The achievablity of above Zgps(D1, D2) can be proven by using the Berger-
Tung coding scheme, see Berger [9], Tung [57], and [51]. One can check chapter
12 in |21] for details. And the converse proof is mainly by using auxiliary random
variable X such that Y7 — X — Y5 and results from estimation theory, see [21].

We will express Zops(D1, D2) in terms of the weighted sum rates, and then
present an alternate proof for the converse of the weighted sum rates in a similar

way as the previous section. Still we need to use the idea of matching two

lower bounds and auxiliary random variable X = %Yl + FYQ + Z where
Z ~ N(0,2=£_), Z | (Y, Ys) such that V; + X — Ya.

p\/D D>
Similar as before, one should notice that the weighted sum rate lower bound

derived here is in a similar spirit as the improved lower bound for multiterminal
source coding in [61], in terms of the identification of auxiliary random variables.
However, to the best knowledge of the authors, applying rotation techinques to

the evaluation of these lower bounds should be new.
Theorem 3.9. For 0 < p < 1,Dy < Dy, Dy < 1, and A > 1, any rate pairs
(R1, Rs) in Zops(D1, D) must satisfy that

1 _ p2 +p22—2x
D,

A
AR, + Ry > m>1£117 + 3 log, (3.13)
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) by 1— p2 +p22721
Ry + ARy > I;lzlglx + 3 log, D, (3.14)
1 1—p?+ /(1 —p?)2 +4p>D1 D,
R Ry >—1 3.15
1 e 25 gy 2D, D, (3.15)

3.4.1 Weighted Sum Rate Lower Bound

Similarly, we could derive the following weighted sum rate lower bounds for a

generalized distributed source coding depicted in Figure [3.5

yn M, €[1: 2R N
Channel 1: Wy ! Encoder 1: fl(n) Lel : — (Y{", Dy)
X" —e Decoder: g(™
Channel 2: Wy v Encoder 2: f2(n) Mo € [1:27E2) - (}A/Qna Ds)

Figure 3.5: Generalized Distributed Source Coding

Theorem 3.10. Consider the generalized quadratic distributed source coding on
2-DMS (Y1,Y3), assume there exists some auziliary source X such that Yy and
Y, are obtained by passing X through some discrete memoryless channel Wy and

Ws respectively. The distortion criterion is given by

. 1 ¢ -
limsup E (E ;d(Yu,Yu)> < Dy;

n—oo
. 1 < 3
hgl_)s:jpE (ﬁ Zzld(Yz“YzZ)) < Ds.

For any A > 1, any achievable rate-distortion triple (Ry, Ra, Dy, Do) must
satisfy that

Ri+ ARy >H(XY)) + AH(Y,]X) — H(X|V1Y3Q)

+ (A — 1) max {H(X|U1QW) — HX|WY50), 0}

+ HX|U,QW) — HXYA|ULQW) + AH(X|UsQW) — NH (X Y3|UsQW)
Ry + ARy >H(XYs) + AH(V1|X) — H(X|Y1Y2Q)

+ (A — 1) max {H(X|U2QW) —H(X[V1Y,0), 0}
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+ H(X|U2QW) — H(XY2[U,QW) + AH(X[U,QW) — AH(XY1|U1QW)
subject to the constraint

U+ QWY + QWX — QWY, — U,

QW L XYY,

. (3.16)
V1Yo «+ QWU U, — XY1Ys

E[d(Y1,Y1)] < Dy, E[d(Y2, Y2)] < D,

Proof. The proof of this theorem is essentially the same as the proof to Theo-
rem [3.7] with the same auxiliary random variable identifications, i.e., Q =i, W; =
X" Uy = MY Uy = MyYy ™' The term %H(X”|M1M2) is single-letterized

in the following way:

H(X"|MyMy) = HOX" S5 M M) < 3 H(XViiVa).

=1

3.4.2 Optimality of Achievable Weighted Sum Rate

In this section, we will use the weighted sum rates lower bounds in Theorem [3.10
to prove the converse of weighted sum rate in quadratic Gaussian distributed

source coding, Theorem [3.9]

Proof. To show any (Ry, Ry) € Zgps(D1, Ds) satisty inequality (3.13). In Theo-
rem [3.10, pick X = Y5 for R; + ARy, we have

Ry + ARy >H (V1Y) + AH (Ya|Ya) — H(Ya|V1Y2Q)
+ (A = 1) max{H (Ya|U1QW) — H(Y2|V1Y>Q), 0}
+ H(Y2|U:QW) — H(Y2YA|ULQW) + AH (Ya|U2QW) — AH (Y2 |U2QW)

subject to the constraints (3.16)).
Here we could bound H(Y;|Y1Y5Q) in a similar way as before

A - 1
H(Y2|Y1Y2Q) < H(Y2 - Y2|Q) < §1Og 2meDs.
Write @@ = QW above weighted sum rate lower bound can be relaxed to

1 1
Ry + ARy >H(Y1Y3) — 5 log 2meDy + (A — 1) max{H (Y2|U1Q) — 5 log 2me Dy, 0}
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+ H(Ys|U,Q) — HV1Y2|U1Q)

subject to the constraints

U« QY1 — Yy
(3.17)

Q LYY,

Here we drop the constraints involving V; and Y, in constraints (3.16)).
From the constraints (3.17), py, vy, can be written in the form of py, v, Po-

Thus we have:

1 2 |
Ri+ ARy > inf =log2me——L + (A — 1) max{H(Y2|U,Q) — = log 2we Dy, 0}
PU;|1QY1PQ D2 2

+ H(Y2|U1Q) — H(Y1Y2|U1Q)

2
1
Py (A—=1) max a |H(Y5|U1Q) — B log 2me Dy

1
= inf —log2me

PUL QY PQ D2 a€l0,1]
+ H(Y>|UQ) — HY1Y2|U1Q)
a 1 1—p? A—1a
@ ;2[%?%] 3 log 2me D: — ( 5 ) log 2me Do
+ inf (A=1Da+1)HY:|U1Q) — H(Y1Y2|U1Q)
Puy|Qy1PQ
b 1 1—-p2 (A=1a
© 52[%7}%] 3 log 27e sz — ( 5 ) log 2mwe Dy
+ inf ((A=1a+1)H(Y2|UQ) - HN1Y:|UhQ)
PU,Q|Y;
(©) 1 1—p*> (A=1a
= —log 2 — log 2me D
ang[%?%] 5 log 2me Dy 5 og 2meDs
+ inf ((A = 1Da+1) H(Y>|U:) — H(Y1Y>|U1)
pU1|Y1

Step (a) follows from the inf max exchange via Theorem 5 in Appendix of [24].
Step (b) is due to Q@ L Y1Y2, 50 puyjgviP@ = PuijeviPevi = Puiqvi- Step (c) is
from replacing U;Q with Uj.

Thus we needs to compute for k > 1

inf kH(Y3|Uy) — H(Y1Y5|Uy)

Puyivy

By Lemma , above value is attained by Uy = Y] + Ul, Ul ~ N(0, Nl), Ul 1

Y;. So the weighted sum rate can be explicitly written as

1 1 — p? A—1
Ry + ARy > max — log 27me r_ ( Ja log 2me D,
ael0,1]2 Dy 2




3.4. ALTERNATE PROOF TO QUADRATIC GAUSSIAN DISTRIBUTED SOURCE CODINGT1

A—1 1 1+ N —p* 1 1—p*)N
+ min A=la+l log 27re+—1~p - = log(27re)2(—'0~)1
leo 2 1 + N1 2 1 + N1
1 M A=Da+1, 1+N, —p?
= max min —— log — + log =
a€gl0,1] ]\71>0 2 1+N1 2 D2(1+N1)
On the other hand, we have R; + ARy > 0, thus we know that
1 N A—1 1, 14N —p°
Ry + ARy > max < 0, max min —= log L ( Jat log M i
acl0]] Ny>0 2 1+M 2 Do(1+ Ny)
(@) 1 N A 14 Ny, — p?
> min —— log ! + ~log, TP

Ni>0 2 1+N, 2 D2(1+N1)

Step (a) follows from Lemma 3.8

Reparamterize x = —% log - fjlvl, so we will get back to the first weighted sum
rate ((3.13]).

To show any (Ry, R2) € Zqps(D1, Ds) satisfy inequality . In Theo-
rem [3.10] pick X =Y} for Ry + ARy, we could show the second weighed sum rate
similarly.

To prove the converse for the third sum rate lower bound . The main
framework of proof is still the same as the converse proof in Chapter 12 of book
[21]: we need to derive the Cooperative lower bound, and another lower bound
from an auxiliary random variable X, which is slightly different from the p-Sum
lower bound in the book. Then taking the minmax of the two lower bounds will
give the third sum rate lower bound .

In Theorem , for the constraints , given the distortion measure
d(z,z) = (xr — %)? in quadratic Gaussian distributed source coding, we could

introduce some 6 € [—1, 1] such that:

A\ 2 ~ ~
sl(a-)] B[ (eR)]) T s e
~ N ~\ 2 —
o [ B B
(3.18)
Let A = 1, first pick X = (Y7, Y3) for Ry + Ry in Theorem [3.10, we will obtain

R+ Ry >H(Y1Ys) — H(Y1Y2|V1Y5Q)
—H(MY2) — H(Y1 — Y1, Y2 — V3 |11Y2Q)
>H(Y1Y2) — HY1 — Y1, Y — Y3|Q)

1—p?

Dy Dy(1 — 6?)’ (319

— 10
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which recovers the Cooperative lower bound in Chapter 12 of [21].
On the other hand, in Theorem fix \=1and X = FYl + FYQ +7Z
where Z ~ N(0, p\/ﬁ) Z 1 (Y1,Y3). One can verify Y] « X « YQ.

. _ 1 _
For convenience of writing, denote p; = VDo M2 = F N = D1 s
Notice that the covariance distortion constraint gives a bound on

H(X|Y1Y2Q)
H(X|Y1f/2Q> =H(X - leﬁ - M23A/2|3A/13A/2Q)
<H (Vi = Vi) + oY — ¥2) + 2)
1
§§ log(2me) (2+ 20+ N)
Besides, the constraints (3.16[) could be relaxed to

U+ QWY + QWX — QWY, — Uy

QW L XY1Y,

HMYW1|UU,QW) < = log2me D

H(}/Q|U1U2QW) S - IOg 27T€D2
where the last two equations come from

H(Y1|U,U,QW) < H(Y1[Y1Y2Q) < H(Y: — Y1) < = log 2me D,

H(Y|U1U,QW) < H(Y2[Y1Y2Q) < H(Y; — Y3) < — log 2me Dy

NSRS NN

Similar to the proof in quadratic Gaussian CEO problem, write Q) = QW , we
will get the following lower bounds for weighted sum rates:
1 3 9 1
Ry + R, 25 log(2me)*(1 — p°)N — 5 log(2me) (2 + 26 + N)

+ H(X|U1Q) — HXY|U1Q) + H(X|U2Q) — H(XY5|U2Q)

subject to the constraints:

Up < QY1 < QX — QY — Uy
Q L XYY,

1 (3.20)
H(}/l|U1UQQ) S 5 IOg 27T€D1

1
H(ng’UlUQQ) S 5 lOg 27T€D2
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Notice the constraint (3.20)) implies that pyip,q|v,v,x can be written in the

form of py, v, oPu|v20Pg- So we get
1 1
Ry + Ry 23 log(2me)*(1 — p*)N — 5 log(2me) (24 20 + N)

il HX|UQ) - HXViUQ) + H(X|U5Q) — H(XY|U5Q)

PU, Y1 QPU5 Y, QPQ
where py, v, oPu,|v.QPo needs to satisfy
1
HY1|U1U0,Q) < =log2meD,
2 (3.21)
H<}/2|U1U2Q) § § log 27T€D2
Similar to the proof to Lemma 3.4} one could show that given X, Y7, Y5 jointly
Gaussians and Y; — X — Y5, for A > 1, the minimizer of

inf H(X|U,Q) — H(XY1|U,Q) + H(X|U,Q) — H(XY2|U2Q)

PU Y1 QPU5 Y, QPQ

subject to the constraints (3.20)), is attained by Q = ¢ and Uy = Y; 4+ Uy, Uy L
Yy, Uy L N(0,Ny),Uy = Yy + Uy, Uy L Y5, Uy L N(0, N,) subject to:

1
H(}/llUlUQ) S 5 10g27T€D1

2 (3.22)
H(Ys|U Uy) < §log 2meDy

~ |1 p .
From X = 117 + poYo + N and py,y, ~ N | 0, , we could write:
p 1
v, — fi1 + pigp X4+ ps(1 —p*) + N
i+ g5+ 2 piap + N (3 + g5 + 2 piap + N

Y, — fi2 + fi1p X+ pi(l —p*) + N
i+ g5+ 2 piap + N py + g5 + 2 piap + N

where Gl ~ N(O, 1)701 1 (X, GQ),GQ ~ N(O, 1),G2 1 (X, Gl)

For convenience of writing, denote

P =i + i3 + 2t piap + N
Ay =p5(1—p*)+ N
Ay =pi(1 = p*) + N

Then the sum rate lower bound becomes:

1 1
Ry + R, 25 log(2me)*(1 — p*)N — 5 log2me (2+26 + N)
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.1 Ay 1 90 Al
+ N o log(27re)(p—x + Nyp) — 5 log(2me) Nlp_x

1 A, 1 Ao
—log(2 24N, — —log(27e)? Ny —=

+ 5 og( ﬂe)(pm + Ns) 5 og(2me) 2
_ll (1-p°)N 1 (A1 + Nipe) (A2 + Nop,)

_ S v in -1
2P RIWLN) N2 O NN, AL A,

subject to the constraints:

N (14 Ny — p?)
9
No(14 Ny — p?) <D,
(14 Npy)(1+ Ny) — p?

<D
(3.23)

By Lemma [3.9] the above sum rate lower bound becomes

1 (1—p*)N p 1 1 4p?
Ri+Ry> -1 - Y 730 N -
1+ 2_20g2(1—|—9)—|—N 1_p2+2ﬂlﬂ2+2 :ullu2+(1_p2)2

2

(3.24)

Denote the right-hand side of above lower bound ({3.24)) as S1(9).
Notice that the Cooperative lower bound (3.19) can be written in terms of

M, po:

1o (1= p)udus
> ~Jog P IHIHS
R1+R2_20g o

(3.25)
Denote the right-hand side of the lower bound ({3.25) as S5(9).

Observe that S;(0) is decreasing on 6 € [—1,1] and S3(0) is first decreasing
and then increasing on # € [—1,1]. And by Lemma there are two roots

0, < 0y = VRS0 g g, € (0, 1] such that S1(6) = Ss(0).

So we have

R1 —+ R2 2 emin max{51 (9), S2(9>} = 52(92)

e[-1,1]

which will lead to the sum rate lower bound ({3.15)).

3.5 Discussion and Conclusion

In this chapter we established that linear coding strategy of Kérner and Marton
[33] yields the optimal sum-rate for pairs of distributions outside the doubly

symmetric binary source. This was shown by developing a lower bound and
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identifying sufficient conditions when the lower bound is tight. The ideas and
results are applicable to larger fields as well.

Via using the idea in deriving weighted sum rate lower bounds for Korner
and Marton’s modulo two sum problem, we could derive similar weighted sum
rate lower bounds for quadratic Gaussian CEO problem and quadratic Gaussian
distributed source coding, and thereby provide alternate proofs for the optimality

of Berger-Tung coding scheme in these two settings.

3.A Quadratic Gaussian CEO

Lemma 3.6. Given the minimizing distribution pf, oy, P ov,P0 for O, satis-

fying the two properties [3.12), denote Ul = E[Y1|U,Q],U] := E[Y3|U,Q], then
pU1T UlIXVYs oPa satisfies the constraints (3.7) and also attain the minimizing value

€1,
of @;Az.

Proof. First we will prove some Markov structures on the joint distribution
Q,U;,Us,, UIT, UJ, X, Y1, Ys, which will be useful in the following proof.

From the two properties of the minimizing distribution p, U2/ QXY1Ya PO
we could write Y; = U{r + Vi where Vi ~ N(0,K7),V; L U1Q and Yy = U;r + Vi
where V5 ~ N(0, K3), Vo L UsQ.

Since V; L U1Q,Y; L @, so U{r =Y -V LQ, UlT is a function of Uy; similarly
one could argue that U] is a function of Us.

The conditions that Y} = UlT + Vi where V; ~ N(0,K;),V; L U;Q and
Y, = UQT + V5 where Vo ~ N(0, K5), Vo L Us@ also give the following Markov

chain

Y, = UiQ — Uy (3.26)
Y, = UIQ — U, (3.27)

With these two Markov chains, the Markov chain U; < QY; < X@Q — QY5 —
Us, and U{r is a function of U; and U2T is a function of Us, one can verify the

following long Markov chain:
Uy + QUf + QY1 + QX — QYa — QUJ — U, (3.28)

The verification is as following:
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1. Uy QU{r +— QY follows from Markov chain (|3.26));

2. UlQUlT +— QYY) < QX follows from UlT is a function of Uy and Uy <+ QY] «+
X.

)

3. UlQUlTYl +— QX + QY5 follows from UlT is a function of U; and U,Y] +
QX <+ Yy

4. U,QUIYIX + QY + QU follows from U, Y, X + QYy + Uy and U] is a

function of U; and U2T is a function of Us;

5. U1QUY1XYs + QUI « U, follows from U V1 X + QY + UUl and
the Markov chain (3.27)).

First we will use this long Markov chain to verify that p*

vl xvivagP@ satisfies
the constraints (3.7)).

° p;lUQ‘ 0xviv,P0 satisfies the Markov chain in the constraints (13.7))-
Ul QY1 QX = QY; — Uj,
which is implied by the long Markov chain ((3.28)).

e Observe that

(a)
H(X|U{UQ) <H(X|UU2Q)
()1
< 5 log 2meD
Inequality (a) follows from the markov chain Uy U»Q « UTUIQ + X, which
is implied by the long Markov chain (3.28)). Inequality (c) follows from that
p*UlUQ‘QXYIYQp*Q satisfies H(X|U1U,Q) > %log %.

e () 1 XYY, is satisfied since the joint distribution of UIT,UQT,X,Yl,Yg is

given by pxvivePl iyt v v,0P@"
Second we will show that the minimizing value of ©5'; is attained by this

p;fU§|QXY1Y2pZQ‘
Observe that
(a) (®)
H(X|U,Q) € H(X|U,QUY) = H(X|U{Q) (3.20)
HXY|0,Q) Y B(xXv|U,QU) € HXY:|U]Q)
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Equality (a) follows from the fact that U] is a function Uy; Equality (b) is due
to the Markov chain U; + U1T @ < X implied by the long Markov chain (3.28]);
Equality (c) is due to the markov chain U; + UfQ + XVY;, which also follows
from the long Markov chain (3.28).
Similarly one could argue that
H(X|U2Q) = H(X|UQUY) = H(X|U3Q)

(3.30)
H(XY2|U:Q) = H(XY,|UsQUS) = H(XY5|ULQ)

With these equalities (3.29)) and (3.30)), we have

(k4 e2) H(X|U1U2Q) — H(XY1|U1Q) + (A + 1) H(X|U2Q) — NH(XY5|UQ)
—(k + e2) H(X|UUQ) — HXY|U{Q) + (A + 1) H(X|UJQ) — AH (X Y3|US Q)

This proves that the minimizing value of ©7'{* is attained by this

*k k
Putviioxmv.P@

3.B Quadratic Gaussian Distributed Source Coding

(1
Lemma 3.7. Given py,y, ~ N | 0, P , for any k > 1,
1

P

inf kH(Y3|Uy) — H(Y1Y5|Uy)

Puyivy

is attained by Uy = Yy + Uy, Uy ~ N(O,Nl), U, LY.

Proof. This proof is similar to the proof to Lemma [3.4] Consider the following

perturbed optimization problem:

S |1
Given py,y, ~ N | 0, P , for any ¢ > 0,k > 1, want to find the infimum

p 1
of the following function:

LL(poiy) = (v + 2) H(Ya|Uy) — H(Y1Y2|Uh)

Since scaling U; doesn’t affect 'S, one could truncate U; to some random

variable with support on [0,1]. This will give tightness of the joint distribution
Py, v,v,- By routine arguments in Appendix II of [26] one can show that there is

a minimizer from the tightness of the sequence of distributions.
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So we assume that infimum of I' (py, |y, ) is attained by some minimizing dis-
tribution Do vi and write the joint distribution of Uy, Y;, Y5 by P v, PYiYe- Take
two i.i.d. copies of the joint distribution at the minimizer and denote them using
subscripts a, b respectively. Let (+), = % and (-)_ = %, where (-) can
be replaced with Y7, Y.

Denote minimum of I'¢ as V. Now we have, by the rotation trick in [26]:

2V =(k 4+ e)H (Yau Yoo |UraUrp) — H (Y10Y16Y20 Y| U1 Ut)
(k+e)H Yoy Yo_|UrUnp) — H(Y11 Y1 Yo, Yo |UiUyy)

(k+e)H (Your|UraUnpY1-Yo ) + (k + &) H(Yo_|Ur UrpYay) + (k + €)1 (Yor; Y1 Yo |UrUpp)
— HY1: Yo U UnY1-Yo) — HY1_ Yo |U UpYas) — I(Yor; Yi-Yo  |UroUns)

=(k +e)H(Yor U UnpY1- Yo ) — H(Y1 1Yo [U1oUrpY1-Ya )
+ (k+e)H (Yo [UrUnpYay ) — H(Y1- Yo |UraU1pYay)
+(k+e—1)I(Yor; V1Yo [UrUnp)
grz(pUlaUlbYl_Yg_|Yl+) + IS (Puravyesvio) + (8 +e = 1)1(Yoy; V1Yo |UiUnp)

>2V + (k+e — 1)1 (Yoy; Y1- Yo [UraUnp)

Observe that since py,,y,, and py,,v,, are i.i.d. Gaussians, so are py, y,, and
Dyv,_v, - Besides, Uj,Uypy = YY1 = Yo Yo, and V7Yoo 1 Y1, Y5, implies that
Yi_-Yo U,Uyp — Yie — Yoo and Y1, Y5, Uy Uy — Yi- — Yoo Thus we have
step (a).

Therefore, K+ ¢ — 1 > 0 will force I(Yay;Y1_Ys |U1,Uy) = 0. It implies that
given any value assignments of U;,Uyp, Yo L Yo . Observe that for the two i.i.d.

copies of the joint distribution at the minimizer, we could have

YvZa = pYia + V 1—- ,02Ga7 Ga ~ N<O; 1)7 Ga 4 UlaY’la
Yo, = pYip + V1 — p?Gh, Gy ~ N(0,1),Gy L UppYiy

Thus for the rotated version,
Yor = pYip + V1= p?Gy, G4 ~ N(0,1), G4 L UroUrpY11 Y14
}/2, = p}/l, + 1-— pQG,, G_ ~ N(O, 1), G_ L UlaUlbYIf}/lf

Again we apply the Proposition 2 in [26], treat Y, and Y;_ as the ”channel
input”, and treat Y5, and Y5_ as the ”channel output”. One can conclude that

given any value assignments of U;,U1,Q0,Qp, Y14 is independent of Y;_.
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By applying Corollary 3 in [26], we know that the minimizing distribution

DU Us10xv1v>P0 satisfies that:
Y1 — ElV1|Uy] ~ N(0, Ky), where K7 >0, K; L Uy (3.31)

Denote U] := E[Y;|U;]. We can show that the minimizing value of I'¢ is attained
by p*UNY1 from the Markov chain U; — UlT — Y] and UlT is a function of Uj.
Since Y7 and Y] — UlT are both Gaussians with mean zeros and fixed variance, and
Yi LY -U 1T , thus they are jointly Gaussian with mean zeros and fixed covariance
matrix, so are Yi, UlT.

Observe that scaling U; doesn’t affect I'. Thus for € > 0,x > 1, the mini-
mizing value of I'; is attained by U; = Y; + Uy, Uy ~ N(0, Nl), U, LY.

Notice that

I =% —eHM|U)

> — clog2me

By a similar continuity argument as that in quadratic Gaussian CEO alternate
proof, one could argue that for x > 1, the minimizing value of I'? is also attained

by Uy =Y, + Uy,Uy ~ N(0,Ny),U; L Y;.

O
Lemma 3.8. For D, > 0,0<p<1,A>1,
1 N A—Da+1, 1+N —p?
max ¢ 0, max min —— log L4 ( Jot lo + i
a€l0,]] Ny>0 2 1+ N 2 D2(1 —f-Nl)
1 N A 1+ N, — p?
> min —— log L +—log++—1~p
]\71>0 2 1+N1 2 D2(1+N1)
Proof. Re-paramterize in k = 1f}1§h € (0,1]. We want to show that
1 A—1 1. 1—p*+p%
max{(), max kmin —§lnk‘+ ( 2)04+ In pD+p }
a€el0,1 0,1
€[0,1] k€(0,1] 2 (3.32)

1 A 1—p*+p%k
> min — ~Ink+ 2, — P P77
T R S )X

where In; 2 = max{lnz, 0}.
Denote the functions
A=Da+1, 1-p>+p%
D,

1
ralk) =— 5 Ink +

log
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Then inequality can be written as

max{0, 5161[%1}%] kre%nl Fra(k)} >kr€r%%)nl] max{——lnk: Hak)} (3.33)

The first derivative of fy (k) gives that

oy A= Dap*k — (1 p?)
f/\,a(k) - 2]{I<1 _P2+P2k)

When A = 1, for the right-hand side of inequality (3.33]), since both —% In k

and f11(k) decreases on k € (0,1], so max{—3Ink, f11(k)} minimizes at k =1,

which evaluates to max{0, % log D%}; On the other hand, for the left-hand side
of inequality , pick @ = 1, fi1(k) minimizes at k = 1, so left-hand side
becomes max{0, 3 In —} So the inequality ([3.33)) holds.
When A > 1, notice that
A 1—p?+p%k

1
k)=——-Ink+ =1
fra(k) 2n —|—211 D,

;oo A=1)p*k = (1= p?)
(k) = 2k(1 — p? + p2k)

e When (A—1)p* < 1—p? both —3Ink and fy;(k) decreases over k € (0,1],
so the right-hand side of inequality (3.33)) has

1

L 1
kren(énl] max{—ilnk’ Fra(k)} = max{0, fr1(1)} = max{0, 5 IOgE};

For the left-hand side, pick a = 0, then we get max{0, 5 log DLQ}, so inequal-
ity (3.33]) holds trivially;

e When (A — 1)p* > 1 — p?, observe that fy;(k) first decrease from oo
to fm(ﬁ) on k € (O,ﬁ) and then increase to glnDi2 on k €
((%__1%, 1], but —1 Ink decreases from +oo to 0 over k € (0,1]. And their
intersection point (root of fy;(k) = —3Ink) either doesn’t exist or happens

at k = D2=1lto- H” € (0,1].

If Dy > 1, then —iInk > f\:(k),Vk € (0,1]. The right-hand side of
inequality is 0, so the inequality holds trivially;

If Dy < 1—p?% then —3Ink < fy1(k),Vk € (0,1]. The right-hand side
of inequality is f,\1 L@2"—) For the left-hand side, pick o = 1, it

becomes max{0, f,1(—2-)}. Thus the inequality (3.33) holds;

o
If0 < ()\1:1”)2[)2 < DZ;&P < 1, then the right-hand side of inequality (3.33)) is

—1ln D2_p—12+”2. For the left-hand side, pick o = m, then fy (k)
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minimizes at k = In

inequality (3.33]) holds;

Dy—1+p? :
22201007 whose value is equal to —1
P 2

Dy—1+4p?
2

81

. So the

Ifo< 2 2;12“2 < (/\171'0)22 < 1, then the right-hand side of inequality ((3.33)

is fa1

(1
kf_l

A
p
1)

QPQ So the inequality (3.33] - holds.

p?) 1 2

Lemma 3.9. For 1 > p > 0,0 < p1 < po, denote N = P

13+ g5+ 2pupop + N, Ay = p(1 — p?) + N, Ay = i (1 - p
quantity
min (A1 + Nips)(As + Nopy)
N1,N2>0 N1N2A1A2
subject to constraints:
N (1+ Ny — p?) 1
(T+ N)(L+ Ny) —p2 = 13
Ny(1+ Ny — p?) 1
(14 N1+ No) = p* ~ 43

2
15 lower bounded by (1—_% + %/LLMQ + %\/M%u% + (1—:2%)2) .

Proof. Reparameterize in v = +- -|— - p2 Y =N + =7 then x,y > —2
constraints we have:
( 1-p?
L 1
1 1 — u2
1\711\’2+1\’721+1\772Jrl 1
1—p
Ny + 1
1— 1 1 — 2
\ 1\’11‘1’2—~_1\771_'_Niz—i_1 =
(
(1 Py , 1
PN (1*172)(93* 2)@* 2)+x p2 +y*m+1 - M
T (11 : ) T T Lz
—p2 _ _ _ 1 -
\(1 p?)(z 1_p2)(y 1_p2)+33 1_p2+y 1_p2+1 H3
(
(1—p2)y1 1
ol (A=p?)ey——z+1 — 11
(1-p*)z < L
[ (1—¢ 13
( 2
2 p
o Y — 1Y > (1—p2)2
2 02
TY — UST > o
L Yy :U’2 - (1,,02)2

And the minimization functional can be simplified as following:

1
A1 A, A (

1

1
Py + P =) + A Ag(x —
—p

1
. pg) +p:r:A2

fi,z) For the left-hand side, pick a = 1, then f), 1(k) minimizes at

]

and p, =
%)+ N, the following

(3.34)

(3.35)

For the
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1 1

2

= —p Al —— —p.A + p.A1x + p Ay + A1 A
1, A, |:px p 17 5 27 5 1 2Y 127Y

Aty A 2}
L—p* (1=p?)
= 1 1 1 A2 Al
T A A, {pi(pm All_pz A21_p2)+(px ) At (pe — ) Ay
A1A2
Sy
1 1 ) —p2
:A1A2 px(p - ;)/]Jll@ + (,UQ + pulug) ,UQ(pﬂ'Q + Hl)m

1—p? (1—p%)?

i (pp + p2)y + Tuluz(pm + p2) (ppz + 1)y

+(15 + prape)

1
+;u1uz(pu1 + p2)(ppi2 + p1)

/32 2
p3(ppa + p2)T

_ ! [(2+2+<+1> )( L) agia + (s + pria)
I |\ (o D ) (p = s+ (s + oz

1—p? 2 (1— ,02)2
py(ppie + 1)y + TMP&(PM + p2) (ppa + p1)xy

+ (2 + ppr)

1
+;/~L1/~Lz(pm + p2) (ppz + p11)

1—p? 2 1—p? 2
pa(ppa + p2)x + (2 + ppa) pi(ppe + 1)y

a4, {(m + p2)

(1—p%)?
Tuluz(pm + o) (ppiz + p)wy + ppiz [pps + ppis + pupia(1 + p%)]

L (ppm + p2)(ppz + ) (1 = p?) ) , ) 0
= 1 _
A A, 2 ( PO Aoy + pUST 4 pUTY + i fho =2

+

P e P P’

+ —Y+
1—p2 1—p2pu (1—p?)?

2
p 1 P M2
( 1—p2u2) (y 1—p2u1>

So the original quantity (3.34) is equal to

. P M p M2
min | r + — + —
Ty ( 1—p2u2> <y 1—p2u1)

subject to the constraints

(1—p?)?
When p = 0, this minimization problem is simplified to

min xy
w?y
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subject to the constraints

x>ly>1

2 2
T 21,y = M,

which will be lower bounded by p?u3. So suffices to consider the case when p # 0.
When 0 < p < 1, Observe that the previous constraints implies that = >
u3,y > 3. So we could replace the constraints x,y >z with o > p?,y > u3,

the minimizing value will not increase as the domaln enlarges. The original

quantity (3.34)) is lower bounded by

. P P H2
min [ x + — + — 3.36
Ty ( 1—,02#2) (y 1—p2m) (3:36)

subject to the constraints

x>p5y > 3
2
Ty — Uiy Zm (3.37)

2
TY — Uol Z>———
IR ey

Since p > 0, the target (3.36) is increasing when x or y increases. For any
feasible z,y satisfying (3.37)), fix y, if neither constraints involving x are tight,

one could always fix y and decrease x until one of the constraints become tight,

and the target functional (§ m also decreases. And the tight constraint can not

be x = 2, in this case zy — uly—0<( forp>0
Assume the constraint zy — p3y > = 2)2 is tight, then we have
r* 1
y =

(1—p*)? 2 —pi
Above minimization functional (3.36) can be rewritten as a function of x:

2
p P 1 P H2
F(z): ==z — + —)
@) ( 1—p2u2>((1—02)2:c—u% 1—p?m

P’ x P e pom P 1 P

+ +
(L=pPz—pi 1=pPm  1=pPp(1—=p?)2z—pi (1-p?)?

2 2

p 1—p? g p 2> 1 }
= 2+ 2ot o) ——
(1—p2)2{ p I (1—p2u2 ) e

When = > p?, above functional F(z) is first decreasing on (u?,7) and then

‘ i ( ), wh — 2y )P +
mcreasing on (o, 00), where xo = py + /7= zfifle + G- 22
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And the constraint (3.37)) pose a constraint on z’s range:

2 2
. 212 . “295 L 2
(1=p?)2 2 — (1—=p%)
2
p
S’ — e — m/ﬁ <0
2 2

pine = w1303 + G o i + i 10 +

= <z<
240 2412
2 2 2

R S P 4p uq M 5 4p
PN B A Rats (338

2 2,“2 M1 + (1 . pg)g — ZE 2 + 2,“2 :ullu2 + (1 . pg)g ( )
One can check that the following holds:

u i 4p?

PR R m < Zg

P p N p?
vt ¥ 2)2 =2 R\ T AT a2y
p p P?
" <9 B

4p* 4p? 4p 4p?
&2 —_ 2 2,2 < _r
:u11u2 + (1 — p2)2 ILL]-ILL2\/ILL1/’L2 + (1 — p2)2 =71_ pQ,ULUQ + (1 — p2>2

2p 2.2 4p?
SHapz = 5 o < \/ﬁhﬂfr =72

Thus the minimizer of F'(x) subject to the constraint (3.38)) happens at the

M 4p?

which will lead to the corresponding y; = £ ; + = 2#1 \ 3+ “—f%.

E)
At this choice, one could compute F'(x;) as
GG 4p° p 4p? P 2
+— + + + ==
(2 241 bt -7  1-p M?)( b (1=p2)2 1-p*m
2

_ P 1 L, 4p?
- (1 _p2 + 2M1M2+ 2\/M1M2+ (1 _pg)g

If we assume the other constraint xy — piz > (T—i%)? in constraints (3.37) is

tight, by a similar argument to above, one could get to the same minimizing value
as F(xy).

So the original quantity (3.34)) subject to constraints is lower bounded
by <1 7z T 2#1:“2 +3 \/Mﬂz %)é
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Lemma 3.10. For 0 < p < 1,u1 > 0,us > 0. There are two roots 0, < 0 < 0y <

1 to following equation
S1(0) = 52(0)
and 0y = V4023 3 (1=p2)2 —p1p2 (1—p )

2p

Proof. The equation S;(0) = S5(f) can be simplified as

> 2
(1= )=z 1 1 42 1 — 02) 22
/1)—2 P 2+_lu1,u2+_ M%M%"‘L“ :M
2(1+0) + =L pupp \1—p° 2 2 (1—p?) 1—0
2
L=p P 1 L5, 4p? o Mafe
20(1 4 6) + (1 — p) oo (1—p2 + 2M1M2+ 2\/N1M2+—<1_p2)2 =14
Denote a = 17”2
1 2
- - /32 2\ —
a(1+9)+5<0‘+5+ b +0‘>
S4a?82(1 — 6%) = 4B(a(1 + 0) + ) <a+5 1/a2+52>
@a2592+a(a—|—ﬁ \/a2+52> 0+ (a+p) (a+5 ‘/0424'52) —a?B=0
S(ab + B —/a? + p?) (a59+a + (a+B)* — (2a+ﬁ)«/a2+5_2>:o

The last step follows from the following verification: For the coefficient of 6,

a0+ (a+ ) - Ca+B)Va? + 52) +ap (- Vo + )
—a (02 B+ (ot B 20+ B2+ ) = a(at+ - ot 2)

For the constant part,

~ Vo P) (a2 + (0 +B) — (20 +B)Va? + )
=6 (a?+ (a4 )?) — Va2 + B2 (® + (a + B)? + 208 + §7) + (2a + B)(a? + 5?)
=0’ + Bla+ B)° + 20+ B)(a® + %) = 2(a + B)°V/a? + 3
—Ba®+ a(a® + B2) — ala+ B)° + (a+ B) [ + B2+ (a + B)° = 2(a + B)/a? + 7|
:m+5(a+5 ¢E¢Eﬂ—a

2 o 2_ « N/ &
So there are two roots ¢, = tHath) fﬁ% LIS [—1,1],0, =

—B+1/a2+52

«Q

to equation Sy (0) = S (6).
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And one can verify that ¢; <0< 6, <1 froma>0,8>0
91:_a2+(a+ﬁ)2—(2a+ﬁ)\/a2+52SO
af
<202 + B(2a + B) > (2a + B)/ a2 + 32
<2a% > (2a + B) (\/m )

=22+ B2+ B) > 20+
1202:_5+ vQQJFBQ>0

<:a+ﬁ>\/m>ﬁ

2

When we put a = 1—_% > 0,8 = pipe > 0 into Ay, we will get back to

_ _ 52
0y = X 42 i (P (20%) g finishes the proof.

2p




Chapter 4

Log-Convexity of Fisher

Information

4.1 Introduction

The primary motivation for this chapter comes from one special case of non-
convex problems , which occurs often times in evaluation of achievable rate
regions or outer bounds to the capacity regions or optimal rate regions in network
information theory settings. Let Wy, x denote a channel that maps input random
variable X with distribution px into output random variable Y with distribution
py. If X and Y takes values in a finite alphabet space, then consider the problem

of computing the maximum, over py, of
Fa(px) = AH(X) = H(Y),

where A > 0 is a fixed constant. When A > 1, it is immediate from the data-
processing inequality that the functional F)(ux) is concave in px. However for
A € [0,1), this is not necessarily true. In particular for A = 0, Fy(uy) is convex
in px. Therefore, from a optimization perspective, computing the optimizers of
F\(ux) becomes a non-convex optimization problem at least for some values of
A in the range [0, 1).

For example, consider the lossless source coding with one helper in In-

troduction chapter, recall that the weighted sum rate for the optimal rate region

<,

xy 15 given by
S\pxy) = H(Y) + R [H(Y) = AH(X)] (px)

87
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for some A > 0. Here the "channel law” Wy x is fixed by py|x. To explicitly
evaluate Sy (pxy), one needs to determine all its dual representations, that is, for

any real-valued vectors dy:

min H(Y) = MT(X) = Eyyldx] = = max {Fa(ax) + Eyeldx]} (A1)

ax

When the channel Wyx is the binary-symmetric-channel (BSC), say with
crossover probability p, consider the following reparameterization of uyx, defined
by pix(u) = Hy '(u), where Hy " : [0,1] +— [0, ] denotes the inverse binary entropy

function. Under this reparameterization, for BSC, observe that
Fy(u) = M — Hy(p x Hy*(u)).

It was shown in [64] that Hy(p * Hy'(u)) is convex in u and hence Au — Hy(p *
H, '(u)) is a concave function in u for any . Therefore this non-linear parameter-
ization converted the non-convex optimization problem to a convex-optimization
problem. It is also worth remarking that the convexity of Ho(p* H; *(u)) was de-
veloped by Wyner and Ziv in the context of evaluating the superposition-coding
region for a degraded binary symmetric broadcast channel.

Additive White Gaussian Noise channels are in many ways the continuous
analogue of Binary Symmetric Channels. Therefore it is natural to see if there is
an analogous result in the additive Gaussian noise setting, where under a suitable
parameterization of pyx, h(uy) - the differential entropy - becomes linear in the
parameter and h(Tgpx) becomes convex in the parameter, where T¢; refers to the
channel with additive Gaussian noise W.

For distributions on binary alphabets, there is only one degree of freedom and
hence the parameterization of px(u) = H,'(u) is forced on us, if we wish to
make Hy(uy) linear. In the continuous world we assume that px evolves along
the heat flow, i.e. X, := X 4+ V/tZ,t > 0, where Z is the standard Gaussian and
independent of X. Therefore we seek a parameterization t = ¢(u) such that h(X+
\/#(u)Z) is linear in u and investigate whether, the output entropy, h(uy) =
WX + \/é(u)Z + W) is convex in u, where T is some Gaussian independent of
X and Z.

Let X denote the probability density function of X, = X 4+ v/tZ. A bit of

algebra immediately shows that this question is equivalent to asking whether the
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Fisher information I(u;X) is log-convex in ¢, for all random variables X (see the
following remark .

Remark 4.1. Let ¢(u) : [0,1] — [0,1], with ¢(0) = 0 and ¢(1) = 1, be the
uniquely defined increasing function of u such that h(X + /¢(u)Z) is linear in

u. Then we have

d? o 1 [ d*(u X do(u ? d X
0= —h(X +/9(w)2) @ 5 ( dd)u(z >I(u¢<u)) - < Zi )) I(u¢<u>>> :

d(u)

Here /LX(U) is the probability density function of the random variable X ++/¢(u)Z.
Step (a) follow from Equation 1) Now, showing that %h(XqL\/gb(u)Z%—W) >
0, for W ~ N(0,0?) independent of (X, 7), is equivalent to showing that

1 { dp(u do(u)\> d
0<2< du(2)f<”f<i>w)+< d;)) dqb(u)l(“%w))

is the probability density function of the random variable X +

Here /Jéijbw

Vo(u)Z + W. This can be rewritten using the equalities above as requiring

d X+W d X
B! o ) @ Hogw)

Since (M;((Z)W )=1 (p;((ul)) for some u; > u, the above inequality is equivalent to

showing that
#L(1)
(")

is increasing in ¢ or equivalently, that log I(f7*) is convex in ¢. Thus, the result

we showed can be considered as a continuous analogue of the convexity result for

BSC established by Wyner and Ziv.

4.1.1 An independent motivation

Let X be a random variable with a finite variance. Let ggﬁ) (t) = %h(uf ).
Notice that Fisher information I(pX) = Qgg)(t), see Eq. in the next sec-
tion. Further, let us denote ggg) (t) = h(X). Let Z be a Gaussian random vari-
able with the same variance as X. In Section 12 of [39], McKean observes that
g3 () = g (t) = 0, g5 (t) < gi¢(t) < 0, and g5 (t) > ¢ () > 0. Therefore he

conjectures that

holds for every k > 3.
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The above conjecture and similar ones on the alternative signs of derivatives
(which characterize completely monotone functions) has attracted a fair amount
of attention in mathematics. See [58], [60].

In [15], the authors study the signs of the higher order derivatives of gx(t) :=
h(pX). They establish that gg?) (t) > 0, and g&?) (t) < 0. The techniques used
follow the ideas in [59], which was in turn motivated by calculations of Bakry.
The authors further conjectured that ggif) (t) >0, if k is odd and ggif) (t) <0ifk
is even; or equivalently that I(yX) = Zgg)(t) is a completely monotone function

of ¢, for all X. Note that this conjecture does not require Gaussian extremality

and hence is a weaker conjecture to that of McKean.

The following theorem presents an alternate characterization of completely

monotone function.

Theorem 4.1 (Bernstein’s theorem). Let g(t) : [0,00) — [0,00) be a continuous

and infinitely differentiable function. The following are equivalent:
e g is completely monotone: ¥n € N, Vt > 0, (—1)"g(™(¢) > 0;
e g is the Laplace transform of a finite Borel measure pu in R, :

Ve e Ry, g(z) = / e "t du(t).
0

It can be shown that any completely monotone function g(¢) is log-convex
with respect to ¢, see [22]. Thus, if I(y;X) is a completely monotone function with
respect to ¢, then InI(u;) is convex with respect to ¢, which is also stated as
Conjecture 2 in [15].

The main result of this chapter is establishing that I(u;*) is log-convex in t,
thus resolving affirmatively Conjecture 2 in [15]. We do this by extending the
ideas developed in [15] and [67].

This chapter will first introduce the ideas and tools developed in [15] and [67],
then present the results on the log-convexity of Fisher Information, and in the
end, reveal its connection with the non-convex functional H(Y;) — AH(X;), where
X, := X ++/tZ is in the set of distributions along the heat flow and Y, is obtained

by passing X; through an additive Gaussian noise channel.
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4.1.2 Notations and Previous results

Given a random variable X on some probability space (£2,.4,P) with values in
R, let the cumulative distribution function of X be F(z) := Pr(X < z), z € R.
For Z some independent standard Gaussian random variable with mean zero and
variance one, consider X, := X 4+ v/tZ, t > 0, with probability density function
p:X (z) with respect to the Lebesgue measure on R. The density uX(z), © € R,
can be written as

X :/ = e_;ﬁx—zdz.
Mt() ]R\/Q_ﬂ't ( )

It is well-known in literature, e.g., [26], that the probability density function

pX(z) of X, is always upper bounded by 1 + ¢, strictly positive and infinitely
differentiable with respect to x € (—o0,00) and t € (0, 00), and satisfy that

n ,, X
LA/ GO RV Z..
lz|—oo O™
Besides, u;*(z) also satisfies the heat equation, see, e.g., [56].

J 19*
— = —— . 4.2
815”'5 (z) anglut (z) (4.2)

The differential entropy of X;, h(X}), t > 0, is defined as

hX) = = [ @) (o)

When X has a finite variance P, h(X;) exists and is maximized by X following
a Gaussian distribution with variance P.

The Fisher information of X, is defined as

1= [ (5 lnu5<x>)2u§<x>dx.

One can verify that the Fisher information I(x;Y),¢ > 0, always exists and is
infinitively differentiable with respect to t € (0, 00), see, e.g., [15].

The Fisher information (%) is closely related to the differential entropy of
X, via the de Bruijin’s identity when X has a finite variance, see, e.g., |19]

0 .
ah(Xt) = 51(% ). (4.3)

Conjecture 2 in [15] postulates that InI(yX) is convex in ¢ > 0. In this
chapter, a proof to this conjecture is presented along the lines of the arguments

in [15] and [67].
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For convenience of writing, we will suppress the dependence on t and write

v(z) == InpX(x),t > 0, and vi(x) = % k € Z,, ie., vg(x) is the k-th
derivative of v as a function of x € R. Well-definedness of vy (z) for any k € Z

follows from the known properties of u;X ().

Proposition 4.1 (Proposition 2 in [15]). For any r,m;, k; € Z,

x)dr < oo,
and
lim v (z)| X (z) = 0.
Jim T k)| @)
We define (¢) := [, X (z)dz to denote the integration with respect to the

probability measure ;¥ (z). Under this notation

I(ui) = (vf). (4.4)
The following lemma is needed in our proof.

Lemma 4.1 (Lemma 3 in [67]). Fork > 2, let p(z) be some function continuously

differentiable with respect to x satisfying that lim, U1 X =0, then

D
_ —v_1) = 0.
(U + QUiUp_1 + aka 1)

One can see that this lemma follows from the basic integration by parts prop-

erty. We present the short proof here for being self-contained.

Proof.

0 ouX 0
<§0Uk + YU V—1 + a—ivk,ﬁ = / (gpvkﬂtX + QUE_1 ; + a_SO k—1 144 > dx
R

(@) 9
:/R<%g0vk_1,uf() dx

= PUE-144 | —o0

® .

Equality (a) follows from the integration by parts property, and equality (b)

follows from the condition that limj, o pVUr_1 uf( =0. O

Notice that by Proposition we could choose ¢ in Lemma to be in the
form of [[;_, v, (x), where r,m;, k; € Z,.
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Lemma 4.2 ( [15], [67]). Let p(x) be some function continuously differentiable
with respect to x satisfying that limyg) ouipu = 0. For k > 0, the following

hold:
0 1 Yk
Evk =5 <0k+2 + ; (i>vi+1vki+1> )

0 0 10¢

§<S0> = <§90 - 58—$U1>'
Proof. The proof idea is to interchange integral and derivatives by Proposition
and the Dominated Convergence Theorem, and the calculations follow from
the following observations (for details, see Appendix A in [67]). We present the

outline here for being rather self-contained.

Q%Uk — 2% (88_; In uff(x))
—o g (@)
w 0 <§%ﬂ§@»>
o \ 1 (@)
= O ()

k
®) k
= Up42 + E (Z.)’Uz‘HUkiH-
i=0

Equality (a) is due to the heat equation (4.2)) and (b) can be established by
mathematical induction.

For the second part, observe that

o, . 0 o
awww&@+4w&dx

Equality (a) is again due to the heat equation (4.2) and (b) follows from integra-
tion by parts and the assumption that lim, vy = 0. O]

One can compute the derivatives of the Fisher information I(y;X) with respect

to ¢ as following, see [36] and [67].
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Lemma 4.3 ( [15], [67]). Fort > 0, Fisher information I(1X) and its derivatives

up to second order can be expressed as:

L p—y

dt

pe

dt?

Proof. In the interest of being self-contained, we outline the proof via applications
of Lemmas [£.2] and 4.1l Observe that

d XN\ d 2
L) = o)

(1Y) = (v2 + 2033 + 4vvyv3).

= 22}15 — VoV7)

® (v1(v3 + 2v1v3) — vw%}
(c)

9 —h).

Here (a), (b) follow from Lemma [4.2] and (c) follows from Lemma [4.1] by setting
¢ =v; and k = 3. Similarly, note that

d? X d, 5
@I(Ht ) = —5@2)
a 0
(:) <—2’U2% + U2U31)1>
® (—vg(vg + 2003 + 21}3) + vov301)
2 (o — 20])
(d)

= (v§ + 21}%1}3 + 4v10903).

Here (a), (b) follow from Lemmal4.2] (c) follows from Lemmal[d.1]by setting ¢ = vy
and k = 4, and (d) follows from Lemma [4.1| by setting ¢ = v2 and k = 2. O

Remark 4.2. There are several equivalent ways of expressing j—;[ (uX) using

Lemma For instance, [67] expressed it as (v — 2v3). We choose this partic-
ular representation, (v: + 20302 + 4vv9v3), as it turns out to be useful to prove
the log-convexity of Fisher information.

Above set of tools and notations could make a short proof to Costa’s Entropy
Power Inequality (EPI) [16] in single dimension case. This proof comes from [59],

which is in turn motivated by calculations of Bakry and Emery.

Lemma 4.4 (Costa’s EPL, |16]). Let X be a random variable on some probability
space (2, A,P) with values in R, and Z some independent standard Gaussian

random variable. e2"X+V1Z) js concave in t > 0.



4.2. MAIN RESULT 95

Proof. By computing the second derivative of e2" V%) with respect to t, we

need to show :

2
2€2h(X+\/ZZ) 82h(X + \/EZ) + 4€2h(X+\/ZZ) <8h(X + ﬂZ)) <0

0%t ot
which can be rewritten in terms of Fisher information I(u;*) and its derivatives:
p2h(X+V1Z) [—<v§> + (vfﬂ <0

In Lemma , choose ¢ = 1 and k = 2, we have (vy + v?) = 0, so above is

equivalent to
—(v3) + (v)* <0,
which holds trivially by convexity of 2% with respect to . [

The results of this chapter are new in this thesis. This is a joint work with
Prof. Chandra Nair and Prof. Michel Ledoux from University of Toulouse —
Paul-Sabatier.

4.2 Main Result

Theorem 4.2. Let X be a random variable on some probability space (2, A, P)
with values in R, and Z some independent standard Gaussian random variable.
Consider Xy == X + /tZ,t > 0, with probability density function p;*(x) with
respect to the Lebesque measure on R.

The Fisher information of X, is log-convex in t, i.e.

1) =1 [ (g <x>)2ui< (2)da

1S convex in t.

Proof. Log-convexity of Fisher information is equivalent to showing

2

d ? d
X X X
(5702) < 105510,
Using Lemma this is equivalent to showing

(v3)? < (V) (V3 + 20703 + 4vyvav3). (4.5)
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In Lemma the choices that k = 2,0 = vy and that k = 2, ¢ = v} will lead

to the following two equalities respectively

(v3 + vivy + vivs) = 0 (4.6)
(v} + 3vivy) = 0. (4.7)

Consequently, for any @ € R we have

(v3) = —(v1(v3 + av vy — 3 vy)).

The Cauchy-Schwarz inequality yields,
2\2 2 l—a 5,
(v2)” < (Ui){(vs + avivy — ——v7)%)

Thus to show inequality (4.5]), it suffices to show that

1—
avf)2> < {(v3 + 2viv3 + 4v1vv3) (4.8)

(v + avyvy —
holds for some « € R. Expanding, (4.8) is equivalent to
2\, 2, 2 1 26, 2 3 2 4
(2 — a®)vjvs + (4 — 2a)vivavs — 5(1 —a)v] + 5(1 — a)vyvs + ga(l — a)vivg) > 0.

In Lemma the choices that k = 3, = v} and that k = 2, ¢ = v} will lead to

the following two equalities respectively.

(vivz + vovy + 3v303) =0

(V9 + Bujvy) = 0.

Thus proving inequality (4.8]) for some v € R is equivalent to proving the following

inequality
2,2 2 1 26, 2 3 2 4
(2 — a)vivs + (4 — 2a)v1v905 — 5(1 — )] + 5(1 — a)vyvs + goc(l — a)vivg)

+B{(vPvg 4 vov! + 30202) + (v + 5utvy) >0
(4.9)

for some a, 8,7 € R.

We successively choose the values «, 3, to eliminate the terms whose signs
are not clear: first set o = 2 to get rid of (v1vav3), then § = 2 to eliminate (vivs),
and finally v = & to handle (vfvs). With these choices, the above inequality
reduces to 7=(vf) > 0, which holds trivially. O
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4.3 Discussion

4.3.1 Generalization of log-convexity to higher dimensions

One clear question that is definitely worth addressing is to determine whether
the log-convexity of Fisher information along the heat flow also holds for random
vectors. In particular we ask, whether

(ch(xd;; WZ>> (dh(X; ﬂz)) N <d2h(Xd; \/¥Z)>2

where X and Z(~ N(0, I;)) are independent random vectors taking values in R<.
If X has independent components, then an application of the Cauchy-Schwartz
inequality immediately implies affirmatively the inequality above.

While the techniques applied in the scalar case do have natural extensions to
the vector case, preliminary investigations by the authors indicate that these ex-
tensions seem insufficient to establish the log-convexity for vector valued random

variables.

4.3.2 Generalization of convexity of the output entropy

Let us consider a channel given by
Y =AX+Z

where A is an [ x d (channel-gain) matrix, X is the input, and Z(~ N(0, [;)) is
the additive Gaussian noise. Then one can ask for flows in the space of input
distributions, say characterized by X;, where h(X;) is linear in ¢ and h(Y;) is
convex in 2.

An interesting such flow exists in the space of Gaussian vectors. Let X ~
N(0, Ky) and X; ~ N (0, K1) be two Gaussian random vectors with Ky, K; = 0.
Define

_1
2

1 1N\t 1
K, = K? (KO KK, ) kg,

and X; ~ N (0, K;). Note that this is a continuous path that connects the distri-
bution of Xy to that of X;. Further, observe that h(X;) is linear in ¢. It follows

from the seminal work in [35], and is well-known, that

h(Y;) = log |AK, AT + I
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is convex in t.

From the perspective of non-convex optimization problems that arise in the
computation of achievable regions or outer bound in network information theory,
it will be very helpful to find similar flows in a more general setting, i.e. outside
the space of Gaussian vectors and more generally for larger class of channels.
Such results may also be useful in showing the uniqueness of local maximizers in
such settings as is observed in settings such as the MIMO Gaussian broadcast

channels.
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